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Abstract

Let L1, . . . , LK (K ≥ 2) be closed linear subspaces in a Hilbert space H, L1 ∩ · · · ∩LK = {0}. Let
Pi denote the orthogonal projection onto Li. The alternating projections xn = (PK ◦ · · · ◦P1)

n(x0)
converge in norm to 0 for any starting point x0 ∈ H (von Neumann, 1949, for K = 2; Halperin,
1962, for K ≥ 2). Deutsch and Hundal (2010) asked the following question: do alternating
projections converge polynomially fast for starting points from L⊥

1 + · · ·+ L⊥
K? We answered the

question of Deutsch and Hundal positively in 2020. More precisely, for any x0 ∈ L⊥
1 + · · · + L⊥

K ,
we have

|xn| ≤
C(x0)√

n
, n = 1, 2, . . . ,

where C(x0) is a constant depending only on x0 (Borodin and Kopecká, 2020, for K = 2; Reich
and Zalas, 2023, for K ≥ 2). In this estimate,

√
n cannot be replaced by n1/2+ε for any ε > 0 even

for K = 2.

We present a similar result for quasi-periodic consecutive projections.

Theorem. Let L1, . . . , LK be closed subspaces of H with L1 ∩ · · · ∩ LK = {0}, and let x0 ∈
L⊥
1 + · · ·+ L⊥

K . Let {xn+1 = Pα(n)xn}∞n=0 be a sequence of quasi-periodic consecutive projections
onto the family {L1, . . . , LK} with a quasi-period M ∈ N. This means, if I ⊂ N is an interval of
length M then {α(n) : n ∈ I} = {1, . . . ,K}. Then there exists C(x0,M) > 0 such that

|xn| ≤ C(x0,M) · n−1/(4M+2), n = 1, 2, . . . .
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