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Preface

The International Conference on Approximation Theory and Special Functions (ATSF) is a con-
ference series devoted to bringing together researchers from different areas of approximation theory, special
functions, and related fields in order to exchange new ideas, present recent developments, and foster sci-
entific collaboration.

The ATSF series was initiated in 2013 and has since developed into a well-established international meeting,
bringing together researchers from many countries and institutions around the world. Following eight
successful editions held in different European cities and in Tirkiye, ATSF 2026 marks the 9th edition
of the series and is hosted by TOBB Economics and Technology University in Ankara, Tirkiye, on
September 2-5, 2026.

ATSF 2026 brings together 141 scientists from 20 countries, reflecting the increasingly international
character of the conference series. The scientific program covers a broad range of topics including approx-
imation theory, special functions, summability theory, analysis, numerical methods, applied mathematics,
mathematical modelling, and related areas.

The scientific program of ATSF 2026 consists of a total of 121 presentations, including 4 invited
talks, 108 contributed presentations, and 9 poster presentations. This Abstract Book brings
together these contributions in a single volume and provides a concise record of the scientific content of
the conference.

We sincerely thank all invited speakers, participants, special session organizers, session chairs, members
of the scientific and organizing committees, and all colleagues whose contributions have made ATSF 2026
possible. We are particularly grateful to TOBB Economics and Technology University (TOBB
ETU) for hosting the conference and for its warm hospitality. We also gratefully acknowledge The Sci-
entific and Technological Research Council of Tiirkiye (TUBiTAK) and the Turkish Academy
of Sciences (TUBA) for their generous support of ATSF 2026.

We hope that ATSF 2026 will provide a stimulating environment for fruitful scientific discussions, new
collaborations, and further developments in approximation theory, special functions, and related areas.

Prof. Dr. Oktay Duman Prof. Dr. Esra Erkus-Duman
TOBB ETU Gazi University
Department of Mathematics Department of Mathematics
Conference Co-Chair Conference Co-Chair

The ATSF 2026 Conference is partially supported by:

. TURKIYE BILIMLER AKADEMiSt
T U B I T A K TURKISH ACADEMY OF SCIENCES
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(Invited Talk)

Multi-Composite General Neural Network Approximation
Over Finite Dimensional Banach Spaces

George A. Anastassiou

Department of Mathematical Sciences, University of Memphis, Memphis, USA
e-mail: ganastss@memphis.edu

Abstract

In this talk, we consider functions defined on a finite-dimensional Banach space of dimension N € N and
taking values in RY. By exploiting suitable topological properties of this setting, we develop a multivari-
ate multi-composite general neural network approximation scheme for such functions. Our treatment is
quantitative in nature. In particular, we establish multivariate multi-composite Jackson-type inequalities
in terms of the modulus of continuity of the function under approximation. The resulting convergence is
obtained both pointwise and uniformly. Moreover, the method is expected to yield accelerated rates of
convergence.

Keywords: Finite dimensional Banach spaces, multi-composite general neural network operators approx-
imation, modulus of continuity, multicomposite general accelerated approximation.
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(Invited Talk)

Study of Qualitative Properties of Some Linear
Approximation Processes

Octavian Agratini

Tiberiu Popoviciu Institute of Numerical Analysis, Romanian Academy, Cluj-Napoca, Romania
e-mail: o0.agratini@yahoo.com

Abstract

It is acknowledged that linear positive operators are a useful tool in approximation signals from various
spaces. In our talk we propose to analyze qualitative properties in three directions.

Referring to operators of either discrete or continuous type, a natural challenge is to highlight the asymp-
totic expansion valid for locally smooth functions. All coefficients are derived and explicitly given. Each
time a Voronovskaja type theorem is reobtained. Our presentation focuses primarily on this aspect. Here
are six classes of operators studied from this point of view: the semi-exponential Post—Widder operator
with the power function p, p(x) = x?, x > 0; a general class of convolution operators based on Landau func-
tions enjoying a feature less commonly encountered by integral type operators, namely they reproduce the
affine functions; an extension of Weierstrass integral operators correlated with the diffusion equation and
involving modified Bessel functions; a class of higher order Szdsz—Mirakjan operators of Kantorovich type;
Jain operators based on a generalized Poisson distribution; the quasi-interpolants of Gauss—Weierstrass
operators, and our results apply to all integrable real functions f on R satisfying the growth condition
f)y=0 (exp(ct2)) as |t| tends to oo for some ¢ > 0.

The second direction of study is about uniform approximation of some classes of linear positive operators
expressed by series. It is known that the Bohman—Korovkin criterion does not guarantee uniform conver-
gence for operators acting on functions defined on unbounded intervals. In our talk we identify functions
for which the operators provide uniform approximation over unbounded intervals.

The last part offers a transition from uniform to statistical convergence. Our study pays special attention
to binomial operators.

13
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(Invited Talk)

Ideal Core of Real Sequences and Linear Transformations

Paolo Leonetti™)(?)

O Universita degli Studi dell’Insubria, Varese, Italy
@ Universita Bocconi, Milano, Italy
e-mail: leonetti.paolo@gmail.com

Abstract
Given an ideal Z on the natural numbers w and a bounded real sequence x, we denote by
corex(Z)

the smallest interval [a, b] such that {n € w: z, ¢ [a —¢,b+ €]} € T for all ¢ > 0. Note that, if Z is the
ideal Fin of finite subsets of w, then

coreg (Fin) = [liminf @, limsup x].
In addition, core.(Z) = {n} if and only if Z-limx = 7.

Thus, given an infinite matrix A = (an,x : 1,k € w) and ideals Z, J on w, we provide several relationships
between the Z-core of x, the J-core of the linear transformation Az, and certain regularity properties of
A. Incidentally, we show that the unit ball of £, (R?) coincides with the closed convex hull of its extreme
points.

14
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(Invited Talk)

Positivity and Asymptotic Behavior of Operator
Semigroups

Nazife Erkursun Ozcan

Hacettepe University, Department of Mathematics, Ankara, Tirkiye
e-mail: erkursun.ozcan@hacettepe. edu.tr

Abstract

Positive operators and semigroups play an important role in several branches of modern analysis, including
approximation theory, ergodic theory, evolution equations, and dynamical systems. In many situations,
the long-term dynamics of operator semigroups are strongly influenced by the underlying structure of the
spaces on which they act, making positivity an important tool in asymptotic analysis.

This talk focuses on operator semigroups on ordered Banach spaces and Banach lattices, where order-
theoretic methods provide a flexible framework extending beyond classical norm-topological approaches.
We discuss how the underlying order structure influences continuity, stability, and convergence phenomena
associated with operator dynamics.

Special emphasis will be placed on recent developments concerning semigroup methods in ordered set-
tings, including extensions of classical results and new perspectives arising from generalized approaches to
continuity and convergence.

The aim of the talk is to illustrate how ordered structures shape the asymptotic behavior of operator
semigroups and to emphasize the role of positivity in extending semigroup-theoretic methods beyond

classical settings.

Keywords: Positive operators, operator semigroups, asymptotic behavior, ordered vector spaces, Banach
lattices.
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Three-Dimensional Laplace Transform Coupled with the
Three-Dimensional Marichev Saigo Maeda Integral

Operator and Generalized Incomplete
Hypergeometric Function

Adnan Khan® and Frasat Igbal®

) National College of Business Administration & Economics, Department of Mathematics,
Lahore Pakistan
e-mail: adnankhantarig@ncbae.edu.pk

() National College of Business Administration & Economics, Department of Mathematics,
Lahore Pakistan
e-mail:ghsfrasatiqbal @gmail.com

Abstract

In this paper, a three-dimensional (3D) Laplace transform is studied in conjunction with the Marichev-
Saigo-Maeda (MSM) fractional integral operators and the generalized incomplete hypergeometric function.
The proposed framework extends existing results by incorporating both left- and right-sided Saigo—Maeda
operators, providing a unified approach for analyzing fractional integral transformations in higher dimen-
sions. Several new results and formulations are derived, demonstrating the interaction between the 3D
Laplace transform and MSM operators applied to incomplete hypergeometric functions. Furthermore,
special cases and corollaries are presented to highlight the applicability and generalization of the obtained
results. The proposed approach offers a new perspective in symmetry analysis and contributes to the
advancement of fractional calculus with potential applications in mathematical physics and related fields.

Keywords: Integral transformation, Laplace transformation, operators, left & right sided SM operator,
integrals, hypergeometric function.
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The Maximal Regularization of Smooth Copulas

Ahmed Sani®”, M. Elmaazouz® and R. Jaafar®

MW Ibn Zohr University, Department of Mathematics, Agadir, Morocco
e-mail: a.sani@uiz.ac.ma

) CRMEF Center, Department of Mathematics, Inezgane, Morocco
e-mail: maaz71@gmail.com

) Ibn Zohr University, Department of Mathematics, Agadir, Morocco
e-mail: rachid.jaafar.59Q@Qedu.uiz.ac.ma,

Abstract

The regularity of special functions, particularly that of copulas, requires careful treatment, not only because
this type of function describes complex inter-dependencies, but also because the mastery of prediction
tools depends intimately on the class of analytic (or algebraic) regularity of the mathematical model that
describes both the correlation and the evolution [1]. We plan to provide some answers to this crucial
problem in many fields.

For a rapid familiarization with copulas, we refer to the famous book of Nelesen [2], and for recent devel-
opments on this topic, see [3] for construction process of such functions or [4] for emerging applications in
life sciences .
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Abstract

Using Grothendieck’s approach, we present a family of Whitney jet spaces that do not have the bounded
approximation property.

Keywords: The bounded approximation property, Whitney jet spaces.
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Abstract

Sharp orders of Cubature and Kolmogorov widths of Sobolev classes on compact homogeneous manifolds
are established. In particular, we give solution of the problem of Laplace and Legendre on the d-dimensional
sphere. The proof is based on new results in geometry of Banach spaces [1-7].
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On Certain Orbital Convergences with
an Arzela-Ascoli Type Theorem
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Abstract

This study considers orbital versions of alpha convergence and the notion of exhaustiveness for sequences
of functions defined between metric spaces and examines their connections with existing notions. Moreover
an Arzela-Ascoli type theorem is established, showing that orbital exhaustiveness is sufficient instead of
equicontinuity in the conditions to obtain an orbitally alpha convergent subsequence.

Keywords: Function sequences, alpha convergence, exhaustiveness, Arzela-Ascoli theorem.
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Abstract

The idea behind neural networks and artificial neural networks is to act like human brain by understanding
the biological nature and function of it and they lie in the centre of machine learning. Recently, the power
of computers, accessing the big data, studies on neural networks gain speed since they give us opportu-
nity to handle some complex duties such as image recognition, natural language processing, optimization,
forecasting, approximation of functions and curve fitting. Quantitative approximation of positive linear
operators to the unit has been studied by G. A. Anastassiou and many mathematicians. In the present
study, we introduce three kinds of convolution neural network operators with the kernel based on sym-
metrized, g-deformed and [-parametrized half hyperbolic tangent function. It is noteworthy to mention
that it is frequently used in neural networks and they can be interpreted as positive linear operators, thus
we use the methods of positive linear operator theory. We obtain quantitative convergence results to the
identity operator by using modulus of continuity and global smoothness preservation of our operators are
also examined. Furthermore, iterated versions of them are taken into consideration.

Keywords: Half hyperbolic tangent function, convolution type, positive linear operators, rate of conver-
gence, iterated approximation.
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Abstract

While wavelets are effective for detecting the singular support of functions and distributions, their isotropic
nature limits their ability to capture finer geometric features of singularities, such as those encoded by the
wavefront set. To overcome these limitations and extend the advantages of wavelet methods to higher di-
mensions, several directional frameworks have been developed. Among them, shearlet systems, introduced
by Guo, Kutyniok and Labate, provide an effective approach due to their strong analytical and geometric
properties [1-3].

Following recent developments, the shearlet transform has been extended, via duality, to Lizorkin-type
spaces of test functions and distributions, So(R?) and S§(R?) [4]. In our recent work [5], we develop a
shearlet expansion theory in these spaces. We prove that shearlet series associated with Parseval systems
converge in the corresponding topologies and obtain a topological characterization of Lizorkin distributions
in terms of their shearlet coefficients. This framework also provides descriptions of bounded sets and weakly
convergent nets via shearlet coefficients.

Finally, we apply the developed theory to characterize the quasiasymptotic behavior and quasiasymptotic
boundedness of Lizorkin distributions through the asymptotic behavior of their shearlet coefficients.

Keywords: Parseval shearlet, shearlet coefficients, discrete shearlet transform, Tauberian theorems,
asymptotic behavior, Lizorkin-type spaces of test functions and distributions.
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Abstract

In this study, a random walk process is considered and two important boundary functionals of the process,
N(z) and Sy(.) , are investigated. First, using Dynkin’s principle together with the ladder times and
ladder heights of the random walk process, the boundary functionals N(z) and Sy(.) are represented as
renewal-reward processes. Then, we use basic methods from renewal theory to derive approximate formulas
for the expected value and variances of these boundary functionals. It is demonstrated that the coefficients
of the obtained formulas can be expressed in terms of the moments of the first ladder time and the ladder
height of the random walk process. Finally, the numerical values of these coefficients are computed for
several special cases using the Monte Carlo method, leading to the proposal of novel, practical approximate
formulas for the expected values and variances of the boundary functionals.
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Abstract

We present exact solutions of the Klein-Gordon equation in the presence of the squared cotangent potential
[1,2] within the framework of the asymptotic iteration method (AIM). Analytical solutions are derived by
initially performing a coordinate transformation that reduces the Klein-Gordon equation to a second-order
differential equation of a convenient form. In this context, we report the relativistic energy spectrum and
radial wavefunctions for the squared-cotangent potential. These wavefunctions contain special functions
that can be defined as hypergeometric functions [3]. It should be noted that AIM [4-6] is a rigorous and
systematic approach to achieve quite reliable and accurate results in terms of modeling important physical
systems.

Keywords: Trigonometric potential, asymptotic iteration method, hypergeometric function.
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Trigonometric Scarf Potential
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Abstract

We investigate s-state solutions of the Klein-Gordon equation with equal scalar and vector trigonometric
Scarf potentials [1] using the functional analysis approach. We obtain the energy eigenvalues and the cor-
responding eigenfunctions in relativistic theory. It is shown that the radial wavefunctions can be expressed
as hypergeometric functions and Jacobi polynomials [2]. Remarkably, in the non-relativistic limit, the
present results are in excellent agreement with those obtained via the Nikiforov-Uvarov method [1].

Keywords: Jacobi polynomials, trigonometric potential, functional analysis approach.
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Abstract

This study introduces a novel fractional reaction-diffusion framework for analyzing DNA sequence dynamics
by integrating generalized Caputo time-fractional derivatives, multi-term memory effects, and constant
biological delay. Building upon the concept of fractional dynamics in DNA signal processing, the proposed
model describes the temporal evolution of nucleotide interactions as a delayed multi-term time-fractional
diffusion equation. A high-order finite difference method is employed for the discretization of generalized
fractional operators in time, while the spatial structure of DNA strands is approximated using the finite
element method. A new discrete fractional sequence enables unconditional stability analysis and establishes
a delay-dependent Gronwall inequality. The framework achieves temporal convergence of order 2-a and
second-order spatial accuracy. Numerical simulations demonstrate that the proposed approach successfully
captures long-range memory, fractal structure, and inter-chromosomal relationships in DNA sequences.
This work provides a modern and computationally efficient bridge between fractional calculus, biological
modeling, and numerical simulation for genomic analysis.

Keywords: DNA dynamics, generalized Caputo fractional derivative, multi-term time-fractional diffusion.
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Abstract

Boundary value problems for complex partial differential equations constitute a central topic in modern
complex analysis and operator theory, with significant applications in mathematical physics and nonlinear
analysis. In this study, we develop a general analytical framework for investigating boundary value prob-
lems associated with higher-order complex differential operators in complex domains. The main objective
is to establish existence and uniqueness results by employing fixed point techniques in suitable functional
spaces.

The proposed approach relies on transforming the original boundary value problem into an equivalent
operator equation through integral representations derived from complex analytic methods. By introducing
appropriate integral operators acting on complex Banach spaces, the problem is reformulated as a nonlinear
operator equation whose solvability can be analyzed using fixed point theory. The structural properties of
the associated operators, including boundedness, compactness, and continuity, are carefully examined to
ensure the applicability of contraction-type principles.

Under general assumptions such as Lipschitz continuity and suitable growth conditions on the nonlinear
terms, we prove the existence of solutions via the Banach fixed point theorem and related fixed point
results. The framework is formulated in a sufficiently general setting, allowing its application to a broad
class of boundary value problems without restriction to a specific boundary condition or geometry.

The results provide a unified functional-analytic perspective on complex boundary value problems and
highlight the effectiveness of fixed point methods in complex spaces. This approach offers a flexible basis
for further extensions to nonlinear higher-order equations, generalized analytic functions, and operator-
theoretic formulations in complex analysis.

Keywords: Complex boundary value problems, fixed point theory, nonlinear complex equations.
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Abstract

In this study, a new family of polynomials, called the Truncated-Exponential-Based Appell-Type Changhee
F-Polynomials, is introduced by combining the truncated-exponential-based Appell-type Changhee poly-
nomial structure with Fibonomial calculus. The proposed polynomial sequence extends the corresponding
classical family to the Fibonacci setting and preserves its essential algebraic characteristics. Several fun-
damental properties of these polynomials are established, including explicit representations, recurrence
formulas, and operational identities. A determinantal representation is also obtained, providing an al-
ternative characterization of the introduced sequence. Furthermore, the associated polynomial matrix is
constructed, and its connection with the generalized Fibo-Pascal matrix is investigated. Finally, the gen-
erating function is further generalized by incorporating suitable auxiliary functions, yielding bilinear and
bilateral generating-function identities together with a variety of special cases that recover several known
results.

Keywords: Truncated-exponential polynomials, Changhee polynomials, Appell-type Changhee polyno-
mials, generating function.
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Abstract

This presentation focuses on the application of Multinode Shepard Methods (MSM) for approximating the
solutions of integral equations. Unlike traditional interpolation techniques that require structured meshes,
MSM provides a powerful meshless alternative capable of handling complex geometries and scattered
nodal distributions. The MSM enhances the accuracy and stability of the numerical scheme. By analyzing
the construction of the MSM operator, we show its versatility in transforming integral problems into
manageable algebraic systems, offering a robust balance between computational cost and convergence
rates

Keywords: Integral equations, meshless methods, collocation method, multinode Shepard method.
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Abstract

In recent years, nonlinear neural network operators have gained significant importance in approximation
theory, particularly following the introduction of maximum-minimum neural network operators in [1].
Subsequent research has led to the development of their Kantorovich-type generalizations to handle broader
classes of functions [2]. While linear Durrmeyer-type operators have also been investigated [3], this study
introduces a novel Durrmeyer-type generalization of multivariate max-min neural network operators. The
univariate version of these operators was previously addressed in [4].

We systematically investigate the approximation behavior of these operators within LP-spaces (1 < p < o0).
Theoretical contributions include the establishment of pointwise, uniform, and LP-convergence, alongside
quantitative estimates for the rates of approximation using the modulus of continuity and K-functionals.
Numerical experiments demonstrate that our integral-based Durrmeyer-type max-min operators yield su-
perior signal denoising performance against both Gaussian and impulsive noise when compared to the
operators in [1,2]. Finally, we apply our operator to image processing tasks, such as image decompression
and edge detection.

Keywords: Nonlinear operators, max-min operators, Durrmeyer-type operators, neural network opera-
tors, signal filtering, approximation theory.
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Abstract

The importance of evaluating the tempered fractional integral has grown as a result of the increasing
popularity of tempered fractional equations in mathematics and applied sciences [1]. In the present study,
a numerical investigation of a fully discrete Crank-Nicolson scheme for a tempered-type integrodifferential
equation with a diffusion operator is presented [3]. Graded temporal meshes are implemented to eliminate
the Runge phenomenon [2].

The experiments confirm that the ETPI (Exponential Trapezoidal Product-Integration) method achieves
stable second-order convergence for different problems. Comparisons show that other hybrid schemes yield
unstable results in cases of different fractional parameters or periodic exact functions.

Keywords: Tempered fractional integral, exponential trapezoidal product integration, Crank-Nicolson
scheme.
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Abstract

In this study, the numerical solution of second-kind Volterra integral equations whose kernels combine an
algebraic weak singularity with an exponential tempering factor are studied. This structure arises naturally
in anomalous diffusion and fading-memory models.

Two complementary methods are constructed and compared. The first, called Exponential-Tempered
Product Integration, evaluates all singular-exponential quadrature weights exactly in closed form via the
tempered incomplete gamma function. The second, Generalized Laguerre Spectral Collocation, expands
the solution in a basis of weighted Laguerre polynomials that absorbs both the algebraic singularity and
the exponential decay analytically. A detailed comparison in terms of error, condition number, and CPU
time shows that Exponential-Tempered Product Integration method is approximately five times faster and
produces a near-perfectly conditioned system, making it the more robust choice for practical computation.

Keywords: Volterra integral equation, tempered weakly singular kernel, product integration, incomplete
gamma function.
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2D Nonstationary Wavelet Filter Design via Bézout and
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Abstract

In this work, we propose a framework for the design of two-dimensional (2D) nonstationary wavelet filter
banks based on the bivariate Bézout equation in R[z, z2], extending the approach introduced in [1]. Since
the Fejér-Riesz factorization does not extend to two variables, a tensor-product sum-of-squares (TP-SOS)
decomposition is used to ensure positivity, leading to a semidefinite programming (SDP) formulation.
Several design criteria, including minimal support, vanishing moments, and sparsity, are considered. Nu-
merical results show improved performance compared to separable and classical tensor-product wavelet
filters.

Keywords: 2D nonstationary wavelets, wavelet filter banks, sum-of-squares (SOS).
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Converses of Diamond Alpha Pachpatte Type Dynamic
Inequalities and Their Applications in Oscillation of Self
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Abstract

Reverse Pachpatte-type inequalities provide concave generalizations of the established Bennett-Leindler
inequalities. By leveraging concavity, we establish reverse diamond-alpha Pachpatte-type dynamic in-
equalities. This work marks the first instance where converses of Pachpatte-type inequalities are derived
within the framework of diamond-alpha time scale calculus, encompassing its special cases: delta and
nabla calculi, as well as their continuous and discrete counterparts. Moreover a novel application of re-
verse Pachpatte type dynamic inequalities is developed to investigate oscillation of the second order linear
self adjoint dynamic equations with mixed derivatives [1].

Keywords: The diamond-alpha time scale calculus, Hardy-Copson inequality, Bennett-Leindler inequal-
ity, Pachpatte’s inequality, concavity.
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Abstract

In this paper we develop a framework for tempered fractional calculus [1] associated with the multivariate
Mittag-Leffler function [2]. We start by introducing the tempered integral operator with a multivariate
Mittag-Leffler kernel. Then, the fundamental properties of this operator including boundedness on L* (a,b),
infinite-series representations, Laplace transform formulas, semigroup properties and the construction of
a left-inverse fractional derivative operator are derived. Several examples involving power functions and
generalized Mittag-Leffler functions are demonstrated.

Keywords: Multivariate Mittag-Leffler function, tempered fractional calculus, Laplace operator.
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From Convergence Theory to Data Analysis:
Is a New Approach Possible?
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Abstract

The majority of modern data analysis techniques are influenced by distributional characteristics, such
as central trends, variability, or relationships among data [5,6]. Nevertheless, seeing data as a sequence
arranged in a particular order might facilitate an update of convergence theories employed in classical
analysis inside the area of data analysis.

The present study suggests treating a finite dataset as a data sequence and analyzing it, particularly with
respect to statistical convergence. Statistical convergence is traditionally described for infinite sequences
[1-4], although the core natural density concept may also be suitably applied to limited data structures. In
this context, the objective is to perform a density based evaluation of the general conduct and stability of
the data sequence by analysing the ratio of observations that diverge from a fixed reference value outside
a certain tolerance over the complete dataset.

The objective of this research is to examine the applicability of statistical convergence and associated
generalised convergence techniques as a new mathematical tool for finite data analysis. Consequently,
the objective is to convert convergence theory from a theoretical construct focused only on the asymp-
totic characteristics of infinite sequences into a different framework applicable to analysing the structural
attributes and overarching patterns of finite datasets.

Keywords: Data analysis, convergence methods.
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Abstract

In this work, we will introduce a new type of space called the generalized rectangular b-pseudo metric space,
which generalizes the concept of metric space, rectangular metric space, b-rectangular metric space, and
pseudo metric space. Next, we will prove a generalization of the famous alternative fixed point theorem
of Diaz and Margolis in such space. As applications of our result, we will study the Ulam-stability of a
delay differential equation with multiple variable time delays, and we will prove also the existence and
uniqueness of the solution to a Fredholm integral equation. This talk is based on the article [1]

Keywords: Alternative fixed point theorem, delay differential equations, fixed point method, Fredholm
integral equation, function space, gauge space, generalized metric space, multiple variable delays, rectan-
gular b-metric space, Ulam-stability.
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Abstract

In this paper, we investigate strict Holder stability for perturbed nonlinear matrix differential systems with
initial time difference (ITD). Using variation-of-parameters and comparison techniques, we derive two-sided
Holder-type estimates and sufficient conditions for strict Holder stability. Our results extend existing [TD
stability criteria from the Lipschitz to the Holder setting. An example illustrates the theoretical findings.

Keywords: Perturbed matrix systems, initial time difference, strict Holder stability.
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On the Isospectrality Relation Between PT-Symmetric
Schrodinger Operators and Their Adjoints
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Abstract

We consider the one-dimensional Schrédinger operator L(q)y = —y” + q(z)y generated by a complex-
valued, locally integrable, 1-periodic potential g satisfying the PT-symmetry condition ¢(—x) = ¢(z). Such
operators are, in general, non-self-adjoint, yet they form a distinguished class whose spectra retain several
features of the self-adjoint setting. This talk concerns a structural property underlying that behaviour:
the adjoint L*(g) of a PT-symmetric operator L(g) is again PT-symmetric. We then indicate how this
property leads to the spectral equality o(L(q)) = o(L*(q)) between the operator and its adjoint, so that
the reality of the spectrum in this class can be traced back to the isospectrality between L(q) and L*(q)
rather than to self-adjointness.

Keywords: PT-symmetry, non-self-adjoint Schrédinger operator, adjoint operator, isospectrality.
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Abstract

In this paper, we introduce a new weighted setting for the study of approximation properties of bivari-
ate max-product operators. A weighted modulus of continuity adapted to the underlying approximation
process is constructed, and its fundamental properties are established. This approach is used to examine
the approximation properties of bivariate max-product Favard—Szdsz—Mirakyan and Meyer-Konig-Zeller
operators. Quantitative estimates for the degree of approximation are obtained in terms of the pro-
posed weighted modulus. The developed approach enables the analysis of approximation processes on
both bounded and unbounded domains within a unified framework. The obtained results extend existing
approximation estimates for bivariate nonlinear max-product operators and contribute to the theory of
multivariate nonlinear approximation.

Keywords: Bivariate max-product operators, weighted modulus of continuity, degree of approximation.
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Volterra Integral Equation Framework for Optimal Drug
Administration in Tumor Growth Control
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Abstract

This paper presents a mathematical framework for modeling tumor growth under treatment using Volterra
integral equations. The system incorporates memory effects inherent in biological processes. An optimal
control problem is formulated to determine the best drug administration strategy that minimizes tumor
size while reducing drug toxicity. Numerical methods, including discretization and optimization techniques
such as gradient-based and interior-point methods, are discussed. Simulation results demonstrate the
effectiveness of the proposed approach

Keywords: Volterra integral equations, optimal control, tumor growth modeling, numerical simulation,
medical treatment optimization.
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Abstract

Hidden Markov Models (HMMs) are well-established probabilistic models that have been successfully used
in genomic and protein analyses to identify meaningful sequence patterns, functional regions, and binding
sites associated with molecular recognition. However, their integration into molecular dynamics (MD)
simulation analysis, particularly with systematic feature selection, represents a relatively novel application.
This study integrates HMMs with MD trajectory data to identify hidden kinetic states and conformational
transitions.

Although HMMs are effective for analysing complex, high-dimensional time-series data, their accuracy
and interpretability may be limited by the initial selection of input features. Conventionally, all available
features may be included without a specific feature-selection procedure. However, irrelevant, redundant,
or highly correlated features can introduce noise and obscure physically meaningful molecular states.
Therefore, this study aims to identify and retain only the most informative features before constructing
the HMM.

A feature-selection pipeline combining Light GBM with SHAP is proposed. LightGBM models the rela-
tionships within the trajectory data, while SHAP evaluates the relative importance of individual features.
The VAMP score is also employed as a complementary, kinetically informed feature-selection method. The
selected features are subsequently used to construct the HMM.

The framework is evaluated using MD trajectory data from the WLALL pentapeptide, consisting of tryp-
tophan, leucine, alanine, leucine, and leucine residues. Its performance is also compared with Time-Lagged
Independent Component Analysis (TICA), a conventional dimensionality-reduction method.

The results show that the proposed framework is promising for MD trajectory analysis. The Light-
GBM-SHAP and VAMP approaches successfully identify important features while reducing redundant
and noise-generating variables. This enables the HMM to detect physically meaningful kinetic states more
clearly. Overall, integrating feature selection with HMM analysis provides a more interpretable and effec-
tive approach for understanding hidden conformational states and molecular transitions in MD simulation
data.

Keywords: Molecular dynamics simulations, hidden Markov model, explainable feature selection.
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Fluctuationlessness Theorem Applied to Caputo Fractional
Initial Value Problems
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Abstract

We adapt the Fluctuationlessness Theorem [1]-which represents a scalar function of the independent-
variable operator, on a finite-dimensional subspace, by that function evaluated on the matrix of the in-
dependent variable once fluctuation terms are neglected—to the numerical solution of Caputo fractional
initial value problems. Rewriting such a problem as a weakly singular Volterra integral equation, we dis-
cretize the memory integral panel by panel: on each step the integral splits into regular history panels
and a single weakly singular diagonal panel. The diagonal panel collapses exactly, and independently
of the mesh, onto a normalized Jacobi weight wa(c) = a(l — o)™, for which the theorem supplies a
quadrature—computed once and stored—whose nodes accumulate at the endpoint singularity. Predictor-
corrector marching schemes are built on this splitting [2]. Because the diagonal panel is treated exactly
and mesh-independently, the method accommodates graded meshes that cluster points near the initial
singularity, avoiding the accuracy loss suffered by closed-form product weights [3]. A detailed error and
convergence analysis on graded meshes is developed in a separate, fuller study. Linear, nonlinear, and
weakly singular numerical tests illustrate the accuracy of the approach.

Keywords: Fluctuationlessness theorem, Caputo fractional derivative, product integration, weakly sin-
gular Volterra equation, Jacobi weight, graded mesh, predictor-corrector.
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Abstract

The purpose of this paper is to obtain Fourier transforms of multivariate orthogonal polynomials on the
double cone such as generalized Gegenbauer polynomials on the double cone and generalized Hermite
polynomials on the double cone, and to define two new families of multivariate orthogonal functions by
using Parseval’s identity. In addition, some properties of these functions will be investigated.

Keywords: Generalized Gegenbauer polynomials, generalized Hermite polynomials, multivariate orthog-
onal polynomials, Fourier transform, Parseval’s identity.

References:

(1]

R. Aktag Karaman and I. Area, Fourier transforms of orthogonal polynomials on the cone, Numer.
Algor. 2025 (in press).

H. O. Cetin and R. Aktas Karaman, Fourier transforms of orthogonal structures on the paraboloid.
Mediterr. J. Math. 23 (2026), no. 3, Paper No. 119.

E. Giildogan Lekesiz, R. Aktag and I. Area, Fourier transform of orthogonal polynomials on the unit
ball and continuous Hahn polynomials. Axioms 11 (2022), no. 10, 558, 15 pp.

H. T. Koelink, On Jacobi and continuous Hahn polynomials. Proc. Amer. Math. Soc. 124 (1996), no.
3, 887-898.

M. Masjed Jamei and W. Koepf, Two classes of special functions using Fourier transforms of general-
ized ultraspherical and generalized Hermite polynomials. Proc. Amer. Math. Soc. 140 (2012), no. 6,
2053-2063.

Orthogonal structure and orthogonal series in and on a double cone or a hyperboloid. Trans. Amer.
Math. Soc. 374 (2021), no. 5, 3603-3657.

44



Approximation Theory and Special Functions
ATSF 2026 Conference - 9th Series
September 2-5, 2026, Ankara - Tirkiye

A Novel Set of Univariate Biorthogonal Polynomials
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Abstract

As is known, biorthogonal polynomials are an extension of orthogonal polynomials and, for some special
velues, can be reduced to a scalar case. Constructing a biorthogonal structure from scratch is quite difficult
because biorthogonality is related to the orthogonality of two different families. So far, four families of
one-variable biorthogonal polynomials have been defined in the literature.

In this study, a new class of biorthogonal polynomial families has been defined. In addition to many
properties obtained for this family, studies have also been conducted on fractional operators and integral
transformations for these polynomials.

Keywords: Biorthogonal polynomial, finite orthogonal polynomial, integral transform.
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Abstract

Sheffer polynomial sequences have been extensively studied due to their rich algebraic structure and
numerous applications in applied mathematics, approximation theory, combinatorics, and mathemati-
cal physics [1-3]. Since both Appell and associated polynomial sequences belong to the Sheffer class,
many well-known polynomial families can be treated within a common algebraic framework. Motivated by
these works, we introduce a new family of two-parameter polynomials and study their generating function,
explicit representations, recurrence relations, differential identities, and operational formulas. We also
establish generating function identities and investigate the influence of the parameters on the structure of
the polynomials. Furthermore, connections with several well-known polynomial families are discussed by
considering appropriate parameter choices, showing that the proposed sequence provides a unified frame-
work for a variety of classical polynomials. Illustrative examples of the first few polynomials are presented
to demonstrate the theoretical results.

Keywords: Sheffer sequences, Laguerre polynomials, generating function.
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Abstract

Hypergeometric functions play a central role in the theory of special functions, as they provide a common
framework for studying the solutions of many differential equations [3]. With suitable choices of parameters,
they reduce to several well-known functions such as Bessel and Legendre functions. A natural extension
of these classical structures is given by the k-hypergeometric functions, which are defined in terms of the
k-Gamma function and the k-Pochhammer symbol, and were introduced by Diaz and Pariguan [1].

In this work, we first recall some basic properties of classical hypergeometric series and then examine how
these structures can be generalized by means of the k-parameter. The main focus is on the k-extensions of
balanced and well-balanced hypergeometric series. In this context, k-analogues of several classical identities
and summation formulas—such as those of Saalschiitz, Watson, Dixon, Whipple, and Bailey—are also
considered. In particular, their convergence conditions and certain fundamental properties are discussed.

The results indicate that these k-generalized structures can be regarded as a natural continuation of clas-
sical hypergeometric functions and that they recover several known identities in the literature. From this
perspective, the study highlights the role of parametric generalizations in the development of hypergeo-
metric function theory [1,4].
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Asymptotic Behavior of Sequences in Vector Lattices
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Abstract

Classical asymptotic notations O, 2, and © are widely used to describe the growth behavior of sequences
in functional and theoretical numerical analysis. Motivated by these classical concepts, the asymptotic
relations 0%, QY, and 0% for sequential convergence were introduced in [2]. In this talk, we investigate
the asymptotic relations O%, Q¥, and ©F associated with several types of convergences defined on Banach
lattices. We present various order theoretical properties of these relations, including domination and
subsequence results for different convergences. We further study these asymptotic relations on regular
sublattices of vector lattices. The results presented in this talk are based on the paper [1].

Keywords: Asymptotic behavior, convergence, vector lattice.
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Abstract

This study investigates the e-pseudospectra of bounded g-quasinormal operators acting on separable Hilbert
spaces, where ¢ > 1. By using the structural representation of such operators as weighted shift-type tensor
product operators, several geometric properties of their pseudospectra are obtained.

It is also shown that, as ¢ — oo, the pseudospectra of these operators approach the pseudospectrum of a
rank-one nilpotent operator. This shows that the limiting behavior is determined mainly by the nonnormal
structure of the operator rather than by its spectrum.

Keywords: g-quasinormal operator, pseudospectrum.
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Abstract

Double-diffusive Darcy-Brinkman equations are driven by two scalar fields with different diffusion rates.
To model porous medium effects, a Darcy term is included in the momentum equation. Since the phys-
ical model consists of a coupled system of momentum, heat, and mass transfer equations, its numerical
simulation is computationally demanding. Additionally, full-order numerical methods often lead to large
algebraic systems and a high computational burden. Thus, efficient reduced-order techniques are required
to significantly reduce the computational cost while maintaining numerical accuracy and robustness.

Proper Orthogonal Decomposition (POD)-based reduced-order models (ROMs) have become a popular
approach for reducing the computational complexity of such problems. POD constructs a low-dimensional
approximation that preserves the dominant dynamics of the original system [1,2]. Another challenge arises
as the Rayleigh number increases, causing convection cells to form and the flow to become more turbulent.
To address this issue, a projection-based Variational Multiscale (VMS) method will be employed to improve
numerical stability while preserving the accuracy of the reduced-order model [1].

We extend the method proposed in [3] to solve the double-diffusive Darcy-Brinkman equations. The
resulting framework combines POD, projection-based VMS stabilization, and a time-filtering technique.
The stability and error analyses of this method are presented, and its performance is demonstrated through
benchmark test problems. Numerical results indicate that this approach improves temporal accuracy and
energy preservation without increasing process time. The proposed method provides a robust, stable, and
accurate reduced-order approach for the simulation of double-diffusive Darcy-Brinkman flows.

Keywords: Proper orthogonal decomposition, variational multiscale method, time filtering.
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Abstract
The (n + 1)-th partial sum of the Maclaurin series expansion of e is represented by the truncated expo-
nential polynomials [1], which are expressed as follows:

n n

en (z) = Z%

k=0

The structural function of the truncated Riordan group as a strong algebraic framework for the analysis
of specific polynomial sequences will be investigated in this study. The formal definition of a truncated
polynomial, which offers the required mathematical basis to limit infinite sequences into finite structures,
is essential to this investigation. By confirming basic algebraic axioms under a particular operation, we will
show how this algebraic step enables a formal transition from infinite-dimensional spaces to manageable
finite-dimensional systems.

Keywords: Riordan array, truncated polynomial, double Riordan array.
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Abstract

This article proposes an improved rank-based regression estimator obtained by replacing the ordinary in-
teger ranks in the Wilcoxon rank-score regression procedure with smoothed ranks derived from a smoothed
empirical cumulative distribution function (ecdf). The smoothed ranks are computed via a continuous,
non-decreasing kernel distribution function H(-) that provides a differentiable approximation to the clas-
sical indicator function used in standard rank regression. Substituting these smoothed ranks into the
Wilcoxon score function yields a new estimator, denoted S, for the slope parameter(s) of the simple and
multiple linear regression model. We show that the proposed estimator inherits the robustness properties
of classical rank regression while providing improved efficiency under heavy-tailed error distributions and
better handling of tied observations. A Wald-type hypothesis test for the regression coefficients is derived
and its asymptotic normality is established. A Monte Carlo simulation study compares (s, with the or-
dinary least-squares (OLS) estimator, the classical Wilcoxon rank regression estimator, and the Theil-Sen
estimator under several error distributions including the normal, Laplace, Cauchy, and contaminated nor-
mal. The proposed estimator achieves relative efficiencies at or above those of classical rank regression
uniformly across all scenarios considered, with notable gains in the presence of outliers and heavy-tailed
errors.

Keywords: Rank Regression, smoothed ranks, Wilcoxon score function, robust estimation, relative effi-
ciency, Monte Carlo simulation.
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Abstract

Let (X,B,u) be a probability space and let T': X — X be a measure-preserving transformation. For
f € L*(p), the classical ergodic averages are defined by

My f(z) = % S f(ama).

n=0

The Birkhoff pointwise ergodic theorem asserts that these averages converge almost everywhere to E(f |
7)(z), where Z denotes the T-invariant o-algebra. A classical proof of Birkhoff’s pointwise ergodic theorem
is based on the maximal ergodic lemma. Several proofs of this lemma have appeared in the literature,
including those of Garsia and Riesz. In parallel with these developments, various weighted versions of the
maximal ergodic lemma have also been established.

In this talk, we introduce g-weighted ergodic averages and establish a g-weighted version of the classical
maximal ergodic lemma for 0 < ¢ < 1 by adapting Garsia’s method to the g-setting. Our proof follows the
main ideas of the classical argument while making use of the structure of the associated g-weighted sums.
This work provides a first step toward the study of g-weighted ergodic theory.

Keywords: Maximal ergodic lemma, ergodic averages, g-calculus.
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Dunford-Pettis vs. Eberlein-Smulian Theorems
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Abstract

In this frame of a general duality i.e. an arbitrary function D defined on a product X X Y with values in
a metric space or more generally an uniform space, we define the uniform respectively the weak topology
on X and Y and we prove how the compactness property of X and Y are equivalent.

Particularly we refer to the famous result of Dunford-Pettis or Eberlein-Smulian.
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Abstract

As network architectures grow in complexity, the need for efficient and private path verification becomes
paramount. This paper proposes a novel framework for encoding graph paths using binary arrays integrated
with ElGamal encryption to ensure both space efficiency and cryptographic security. By representing a
sequence of edges or nodes as elements within a probabilistic filter, we achieve constant-time membership
queries while significantly reducing the overhead associated with traditional path logging.

To address privacy concerns and prevent unauthorized path reconstruction, we utilize the homomorphic
properties of the ElGamal cryptosystem. In this model, the bit array is constructed within the encrypted
domain, or the indices are generated via ElGamal-signed identifiers. This ensures that an intermediate
observer cannot determine the specific edges of a path without the corresponding private key, effectively
mitigating traffic analysis attacks.

In the literature, to improve privacy protection and secure communications between parties, Diffie-Hellman
key exchange protocol has been used [1]. Alternatively, we believe that the ElGamal encryption system
also works perfectly with binary set representation methods for the same purpose for large-scale graph
topologies. This research contributes a scalable solution for secure source routing and verifiable telemetry
in decentralized networks.

Keywords: Network, ElGamal Encryption, Diffie-Hellman key exchange, graph.
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Abstract

We present an investigation about scattering analysis of boundary value problem for a g-Sturm-Liouville
equation with impulsive condition and boundary conditions depending on generalized eigenvalue parameter.
Here, we give Jost solution and the scattering function of this problem and we find the properties of
scattering function by using the scattering solutions. We also give an asymptotic equation for the Jost
solution of this problem. We also find the Green function and resolvent operator of this boundary value
problem. Finally, we apply the new results on an example.

Keywords: Scattering theory, scattering function, impulsive condition.
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Abstract

In this talk, we introduce a modification of univariate generalized Kantorovich operators constructed
in [1] via Riemann-Liouville fractional integral. We first establish the uniform convergence of these newly
defined operators and provide a quantitative estimate for the rate of convergence using the first-order
Ditzian-Totik modulus of smoothness. Furthermore, we investigate a Voronovskaya type theorem and
simultaneous approximation.

Keywords: Kantorovich operators, Riemann-Liouville fractional integral, Ditzian-Totik modulus of
smoothness, Voronovskaya type theorem, simultaneous approximation.
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Abstract

In this work, we investigate the spectral analysis of a difference quadratic pencil of Schrédinger equation
on the half line with an matrix impulsive condition. We first determine Jost solutions of the problem
and present some asymptotic equations for these solutions. Then, by obtaining the resolvent operator
and Green function, we find the sets of eigenvalues and spectral singularities of the impulsive problem.
Furthermore, we present suitable conditions for the finiteness and multiplicities of eigenvalues and spectral
singularities of the problem.

Keywords: Quadratic pencil of Schréodinger equations, impulsive condition, spectral singularities, eigen-
values, resolvent operator.
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Abstract

Utilizing the Cartesian decomposition T' = T; + iT%, we define a new family of modified Berezin radius
inequalities for restricted operators on reproducing kernel Hilbert spaces. Our approach depends on a
comparability condition between the positive operators |T| and |T™|, in opposition to the conventional
method based on the pair |T1| and |T3|. This clearly refines the standard Cartesian-decomposition estimate
for ber”(T) in the range 1 < n < 2. Also, we present an explicit endpoint formula for the improvement
constant, establish a convex-function version of the main result, and also show that this constant is the
best. The sharpness and gain of the new boundaries are shown by a number of instances on a discrete
reproducing kernel Hilbert space.

Keywords: Berezin number, reproducing kernel Hilbert space, Cartesian decomposition, operator in-
equalities, convexity.
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Abstract

We introduce and investigate a family of multidimensional Mellin-type singular integral operators acting
on the multiplicative group R7 = (0, 00)™ endowed with a A-non-isotropic metric structure. The proposed
framework combines the multiplicative nature of Mellin analysis with a non-isotropic geometry that allows
different scaling behaviors along different coordinate directions.

Under suitable normalization, localization, and logarithmic moment assumptions on the kernel family, we
establish some convergence results of the operators and derive quantitative estimates in terms of the A-
non-isotropic distance. Furthermore, by means of a multidimensional Mellin—Taylor expansion, we derive
an asymptotic expansion of the approximation process and prove a Voronovskaya-type theorem expressed
through Mellin differential operators.

The obtained results provide a unified framework encompassing approximation, asymptotic behavior, and
Voronovskaya-type results for multidimensional Mellin-type singular integral operators in non-isotropic
settings.

Keywords: Mellin-type singular integral operators, non-isotropic approximation, asymptotic expansion,
Voronovskaya theorem, quantitative approximation, multiplicative harmonic analysis.
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Abstract

The accumulation of greenhouse gases and subsequent environmental warming impose severe physiological
stress on marine organisms and disrupt the structural balance of aquatic ecosystems, altering plankton and
fish population dynamics [1-3]. To investigate these interacting stressors alongside human intervention,
we formulate an autonomous ordinary differential equation model coupling greenhouse gas concentration,
environmental temperature, and plankton and fish dynamics with an explicit fisheries management com-
ponent. We analytically establish the well-posedness, positivity, and uniform boundedness of the system.
We determine the algebraic conditions governing the local stability of the boundary equilibria, while eval-
uating the coexistence state numerically. Treating the atmospheric depletion rate of greenhouse gases, the
management-targeted fish capacity, and the environmental cooling rate as primary bifurcation parameters,
numerical continuation reveals that the stable coexistence equilibrium loses stability via supercritical Hopf
bifurcations in all three cases. While variations in the depletion rate and management targets drive the sys-
tem into sustained oscillatory regimes, a reduction in the environmental cooling rate forces the ecosystem
through a period-doubling cascade. Positive maximal Lyapunov exponents and one-dimensional return
maps are consistently indicative of a transition to chaotic dynamics driven by restricted thermal dissipa-
tion. Ultimately, these findings demonstrate that parameters influencing fish population dynamics play a
critical role in ecosystem stability, highlighting the significance of properly calibrated fisheries management
in maintaining ecological balance.

Keywords: Dynamical systems, stability analysis, numerical continuation, global warming, greenhouse
gases.
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Abstract

Temporal lags in maturation are a recognised source of instability in aquatic food webs [3], yet their effect
remains unexplored in a food chain already regulated by toxin-mediated mortality [1], predator fear [5] and
a density-dependent refuge [2]. We extend a recent ordinary differential equation model of three species [4]
comprising phytoplankton, zooplankton and fish by introducing a single discrete maturation delay into
the fish recruitment term, representing the time between predation on zooplankton and its contribution
to the adult fish stock. Using this delay as the primary bifurcation parameter, we analytically establish
the well-posedness, positivity and uniform boundedness of solutions. The coexistence equilibrium, locally
stable in the underlying ordinary differential equation system, loses stability through a supercritical Hopf
bifurcation once the delay crosses a critical threshold. Numerical continuation beyond this threshold traces
a cascade of period-doubling and fold bifurcations, and a positive maximal Lyapunov exponent together
with a folded Poincaré section are consistent with a transition to chaotic dynamics at larger delays. These
results illustrate how a biologically motivated maturation delay is sufficient to disrupt trophic stability,
driving an otherwise well-regulated ecosystem from stable coexistence into dynamics consistent with chaos.

Keywords: Plankton-fish dynamics, stability analysis, maturation delay, bifurcation analysis, chaotic
dynamics.
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Abstract

In the present study, we consider a sequence of nonlinear Durrmeyer type operators (N D,,) of the form

(NDn)(f;m):/Kn(x,t,f(t))dt, z€10,1], néeN,

acting on Lebesgue measurable functions defined on [0, 1] where K, (x,t,u) satisfy some suitable assump-
tions.

We give some approximation results with regard to the convergence of the operators ND,, to right, left,
and symmetric Borel differentiable functions.

Our study extend some of the previous results about the linear integral operators and also aims to bring a
new perspective to research in approximation with nonlinear operators by introducing a different concept
of a derivative.

Keywords: Borel derivative, nonlinear operator, pointwise convergence.

References:
[1] A. Sahai and G. Prased, On the rate of convergence for modified Szasz-Mirakyan operators on func-
tions of bounded variation. Publ. Inst. Math. (Beograd) (N.S.) 53(67) (1993), 73-80.

[2] C. Bardaro, J. Musielak and G. Vinti, Nonlinear Integral Operators and Applications. De Gruyter
Ser. Nonlinear Anal. Appl., Vol. 9 Walter de Gruyter & Co., Berlin, 2003.

[3] E. Ibikli, Approximation of Borel derivatves of functions by singular integrals. Trans. Acad. Sci. Azerb.
Ser. Phys.-Tech. Math. Sci., Math. Mech., 21 (2001), no. 4, 72-76.

[4] H. Karsli and 1. U. Tiryaki, Approximation of Borel derivatives of functions via non-linear singular
integral operators. Palest. J. Math. 10 (2021), no. 2, 673-684

[5] J. Musielak, On some approximation problems in modular spaces. In: Constructive function theory
’81 (Varna, 1981), pp. 455—461. Publishing House of the Bulgarian Academy of Sciences, Sofia, 1983.

[6] H. Karsli, On convergence of a sequence of nonlinear Durrmeyer operators. PanAmer. Math. J. 24
(2014), no. 4, 1-13.

63



Approximation Theory and Special Functions
ATSF 2026 Conference - 9th Series
September 2-5, 2026, Ankara - Tirkiye

Arithmetic and Measure Theory

Ileana Bucur

Civil Engineering Faculty Bucharest, Bucuresti, Romania

Abstract

In this paper we introduce so called “standard sequences” of natural numbers i.e. the sequences p = (pn)n
of increasing numbers such that for any k € N* we have:
1 1

— < — p1=>2.

i - 1)
—~pi = pe(pr—1)

The set S of all such kind of sequences endowed with anti-lexicographic order becomes isomorphic with
the unit interval (0, 1].

Then we consider a special order interval in S and we use them in proving the analyticity with respect to
a given family of subsets of an arbitrary non-empty set.
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Abstract

Metric spaces have been generalized by modifying the classical metric axioms. For example, by removing
the symmetry condition, quasi-metric spaces were described in [3]. Another important generalization of
metric spaces is partial metrics and these structures were introduced by Matthews [6]. Partial metric
spaces play an important role in computer science. In 1977, Flagg [2] defined the quantale-valued quasi
metric spaces by changing the set [0, c0] with a value-quantale. In [1], the notion of an action was defined
and Banach contraction principle was extended to the setting of quantale-valued quasi-metric spaces.
These structures are generalization of both metric spaces and probabilistic metric spaces [8], and they
are important tools in quantitative domain theory and denotational semantics. In [4], Hardy and Rogers
obtained an important generalization of Reich’s fixed point result given in [7]. In this work, we first present
some important topological properties of quantale-valued quasi metric spaces. Then, we extend the Hardy-
Rogers type fixed point results to the setting of quantale-valued quasi-metric spaces and we derive some
consequences in both probabilistic and partial quantale-valued metric spaces [5]. Our results generalize
the results given in the literature.
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Abstract

In this study, we investigate multidimensional max-min type sampling operators, including neural network
operators [1]. We establish both pointwise and uniform convergence for these operators and analyze
their rate of approximation. Finally, we demonstrate that these operators can function as morphological
operations, such as dilation and erosion, which serve as the fundamental building blocks of morphological
image processing.

Acknowledgement This research is supported by the Scientific and Technological Research Council of
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Abstract

For a real topological vector space X, let X™* denote its dual space, that is the space of linear continuous
functionals endowed with the weak™ topology. For a continuous linear operator T : X — Y between two
topological vector spaces, by T : Y* — X™ we denote the dual operator of T.

A classical theorem of Banach states that a continuous linear operator T : X — Y between two Banach
spaces has closed range if and only if its dual operator 7% : Y* — X ™ has closed range. A generalization of
this theorem to the setup of general locally convex topological vector spaces can be found in [1] [Theorem
7.3/Chapter IV]. This generalization states that a continuous linear operator T' : X — Y between two
locally convex topological vector spaces is weak — weak open onto its image if and only if T has closed
range. The main theorem proved during this talk is a symmetric generalization of Banach’s closed range
theorem: a continuous linear operator T : X — Y between two locally convex topological vector spaces
has closed range if and only if T is weak™ — weak™ open onto its image.

Keywords: Dual operator, closed range theorem, topological vector spaces.
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Abstract

Microbiome interaction network inference is a challenging problem due to high dimensionality, composi-
tional constraints, and sparsity observed in microbial abundance data. In graphical modeling frameworks,
microbial interactions are represented through conditional dependency structures encoded by the precision
matrix © = £7!, where zero off-diagonal elements indicate conditional independence relationships between
microbial taxa.

In this study, we investigate sparse precision matrix estimation within an fp-regularized Random Graph-
ical Modeling (RGM) framework for microbiome network inference. The microbial interaction network
is represented as a random graph G = (V, E), where V denotes microbial taxa and E represents micro-
bial interactions. Unlike conventional Gaussian graphical models based on ¢;-penalized graphical lasso
approaches, the proposed framework promotes exact sparsity by directly penalizing the number of nonzero
elements in the precision matrix. The estimation procedure is formulated through the penalized likelihood
optimization problem
log [0] — tr(SO) — A|©llo,

where S denotes the sample covariance matrix, tr(S©) measures data fidelity, and the ¢y penalty explicitly
controls graph sparsity. The sparsity structure is modeled probabilistically through an edge inclusion
parameter and estimated under sparse graphical assumptions. Since {y-regularized optimization leads to
a non-convex optimization problem, sparse-step approximation techniques are employed to obtain stable
sparse solutions. The proposed methodology is compared against SPIEC-EASI and conventional ¢;-based
graphical modeling approaches for sparse microbial network inference. Previous studies demonstrated
promising performance of the proposed {p-based framework on simulated toy datasets under different
sparsity scenarios. In this work, the method is applied for the first time to large-scale real microbiome
datasets, including stool samples from the American Gut Project and multiple body-site samples from
the Human Microbiome Project. A unified preprocessing pipeline involving filtering, centered log-ratio
transformation, and variance-based feature selection is employed to ensure consistent comparison across
methods.

Experimental results indicate that the proposed framework captures sparse topological structures more
effectively than conventional ¢;-based graphical models, producing more interpretable and biologically
plausible microbial interaction networks while preserving core conditional dependency relationships. The
findings suggest that sparsity-aware random graphical modeling provides a flexible mathematical framework
for high-dimensional microbiome network inference.

Keywords: Microbiome networks, random graphical models, graphical lasso, SPIEC-EASI.
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Abstract

We establish the L?-consistency of generalized method of moments (GMM) parameter estimators for
stochastic differential equations discretized via 6-Milstein schemes. Our key theoretical contribution iden-
tifies the unconditional mean-square A-stability threshold: 6 > 3/2, strictly above the classical 8 > 1/2 for
Euler-Maruyama methods. This elevation stems from variance amplification by the second-order It6 correc-
tion. We derive explicit GMM estimators exploiting exact conditional moments and prove L2-consistency
via moment decomposition. Geometric Brownian motion illustrates lower-order scheme failures: under
high volatility, Euler-based maximum likelihood estimation (Euler-MLE) generates negative trajectories
in 70.7% of paths at coarse steps. Monte Carlo experiments across three volatility regimes confirm con-
vergence rates and demonstrate substantially lower root-mean-square error (RMSE) than Euler-MLE and
standard Milstein schemes. Empirical application to 495 daily S&P 500 prices yields 53% mean-squared
error (MSE) reduction versus Euler-MLE, with coefficients of determination exceeding 98.9%.

Keywords: L?-Consistency, 6-Milstein scheme, A-stability, generalized method of moments, parameter
estimation, stochastic differential equations, S&P 500 index
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Abstract

We study a class of nonlinear elliptic equations involving a Hardy potential and a critical Choquard-type
nonlocal term. The presence of both the inverse-square potential and the critical nonlocal nonlinearity
introduces significant analytical difficulties.

Using variational methods, we prove the existence of a nontrivial weak solution by applying the Mountain
Pass Theorem. A key step in the analysis is the verification of the Palais—Smale condition below a suitable
critical level.

To establish the subcritical nature of the energy level, we construct appropriate test functions and perform
asymptotic expansions near the boundary. This allows us to show that the Mountain Pass level lies strictly
below the critical threshold.

As a consequence, we obtain the existence of a nontrivial solution to the problem.

Keywords: Elliptic problems, Choquard equations, critical Hardy—Littlewood-Sobolev exponent, subcrit-
ical perturbation.

References:
[1] H. Brézis and L. Nirenberg, Positive solutions of nonlinear elliptic equations involving critical Sobolev
exponents. Comm. Pure Appl. Math. 36 (1983), no. 4, 437-477.

[2] E. H. Lieb, Sharp constants in the Hardy-Littlewood-Sobolev and related inequalities. Ann. of Math.
(2) 118 (1983), no. 2, 349-374.

[3] V. Moroz and J. Van Schaftingen, A guide to the Choquard equation. J. Fixed Point Theory Appl.
19 (2017), no. 1, 773-813.

[4] J. Giacomoni, S. Rawat and K. Sreenadh, Critical exponent Neumann problem with Hardy-
Littlewood-Sobolev nonlinearity. arXiv:2304.05447 (2023).

[5] G. Gu and A. Jevnikar, Nonlocal problems with Hardy-Littlewood-Sobolev critical exponent and
Hardy potential. arXiv:2509.15697 (2025).

70



Approximation Theory and Special Functions
ATSF 2026 Conference - 9th Series
September 2-5, 2026, Ankara - Tirkiye

Jakimovski-Leviatan Type Operators Including Bessel’s K
Function in the Kernel

Mehmet Ali Ozarslan

Eastern Mediterranean University, Faculty of Arts and Sciences, Department of Mathematics,
Gazimagusa, TRNC, Mersin 10, Tirkiye
e-mail: mehmetali.ozarslan@emu.edu.tr

Abstract

In this paper we introduce Jakimovski-Leviatan type operators including Bessel’s K function in the ker-
nel. These operators are the composition of the exponential type operators connected with = and the
Jakimovski-Leviatan operators. We investigate convergence properties of these operators using Korovkin
type approximation theorems. We also obtain quantitave type result by introducing appropriate Lips-
chitsz type functionals including cubic polynomial weight. We further obtain the rate of convergence of
the operators by means of modulus of continuity.

Keywords: Jakimovski-Leviatan operators, exponential type operators, Lipschitsz type functional.
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Abstract

In this paper, we study the space of sequentially y-modulus approximately continuous functions with
respect to a fixed sequence t = {t,} € S. We first show that the class SA, 7 of all sequentially y-modulus
approximately continuous real-valued functions forms a vector space under pointwise addition and scalar
multiplication. Then, we consider the bounded subspace SA:(,)Z and prove that it becomes a normed linear
space under the supremum norm: || f||occ = sup,cp | f(z)| Moreover, we show that this space is complete, and
hence it is a Banach space. We also compare this space with the classical spaces of continuous functions and
bounded continuous functions. In particular, we prove that: C(R) C SA, 7 and Cy(R) C SAT; but show
that these inclusions are proper. This demonstrates that sequential y-modulus approximate continuity
provides a broader framework than classical continuity, allowing functions to exhibit sparse exceptional

oscillations while preserving a rigorous density-type limiting behavior.
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Abstract

This paper provides an in-depth investigation of non-linear Cramér—Lundberg type insurance models, which
occupy a critical position in risk theory and actuarial modeling, and presents Cramér-type approximate
results for the ruin probability of the system. Although the Cramér coefficient (C') and the adjustment
coefficient (r) used in insurance models are well known in the literature [1,2], their existing analytical struc-
tures are not directly suitable for computation under general distributions such as the Gamma distribution
due to non-linear effects, complex integral transformations, and distributional difficulties.

Within the scope of this study, the ruin probability of the non-linear model has been analyzed under the
assumption that claim sizes follow a Gamma distribution, and a practical approximate formula suitable
for the direct computation of the Cramér coefficient has been developed. While resolving the stochastic
structure of the process, renewal theory, approximation approaches, and risk process techniques were
utilized simultaneously.

In the final part of the paper, several special cases are examined, and the numerical performance of
the theoretical results is demonstrated through applied examples. The proposed method is expected to
provide an innovative contribution to the literature in terms of risk analysis and actuarial decision-making
for insurance systems involving non-linear premium structures.

Keywords: Non-linear insurance model, Approximate formula for the Cramér coefficient, Gamma-
distributed claims.
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Abstract

In this work, we are concerned with the standard finite element approximation of a class of systems of
elliptic quasi-variational inequalities (QVIs) with nonlinear source terms arising in stochastic control theory
(see [1,2]). The presence of nonlinear source terms further increases the mathematical complexity of the
problem and makes the analysis of numerical approximations in the L°°-norm more challenging. By means
of the concept of subsolutions, we establish the optimal convergence order of the approximation without
requiring the assumption made in ( [3], (2.6), p. 431), thereby encompassing a broader class of systems.

Keywords: Semilinear system, quasi-variational inequalities, subsolutions, finite element, L°-error esti-
mate.
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Abstract

Generalized-Gamma (GG) distributions provide a flexible framework for modeling fading, reliability, and
aggregate uncertainty in engineering systems. In many practical settings, however, the effective contribu-
tion of each component is subject to saturation or clipping, leading to aggregate variables of the form.

N
SN = Zai min(Gi,Ti),
i=1

where G; follows a GG distribution, a; > 0 is a deterministic weight, and T; is a saturation threshold. Unlike
ordinary sums of GG variables, each saturated component has a mixed distribution, with a continuous part
on [0,7;) and a point mass at T;, which makes the distributional analysis of SN nontrivial.

This work proposes a cubic-spline-assisted Laplace—Stieltjes transform approximation for the distribution
of such saturated aggregates. The point mass induced by saturation is treated exactly in the transform do-
main, while cubic splines approximate the continuous GG density over the unsaturated region. This leads
to finite polynomial-exponential integral expressions for the component transforms. By independence, the
transform of Sy is obtained as a product of the weighted component transforms, enabling efficient evalua-
tion of the probability density function and cumulative distribution function, and outage-type performance
metrics. The proposed approach is applied to outage analysis of clipped diversity receivers over GG fading
channels. Numerical comparisons with Monte Carlo simulations show close agreement across represen-
tative fading and saturation regimes, confirming that the spline-assisted Laplace—Stieltjes approximation
provides a stable and accurate tool for performance analysis of saturated stochastic systems.

Keywords: Generalized-Gamma distribution, cubic spline approximation, Laplace—Stieltjes transform,
saturated random variables, outage probability, wireless fading.
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Abstract

Although the Milstein scheme achieves strong-order-1 pathwise accuracy for stochastic differential equa-
tions, the £2-consistency and asymptotic distribution of parameter estimators derived from it have not
been rigorously established. This paper closes that gap by developing a quasi-maximum likelihood estima-
tion (QMLE) framework for Milstein-discretized scalar diffusion, using geometric Brownian motion as a
benchmark. Drift and volatility estimators are constructed via martingale estimating functions on condi-
tional moments of the Milstein scheme, avoiding evaluation of the exact transition density. £?-consistency
is proved under in-fill asymptotics using Gaussian moment identities and the Marcinkiewicz-Zygmund in-
equality; asymptotic normality is established with closed-form asymptotic variances, and joint Wald con-
fidence regions are justified. Monte Carlo simulations show that Milstein-QMLE achieves lower absolute
error than Euler-Maruyama-based MLE (Euler-MLE) on coarse grids; under high volatility, Euler-MLE
fails positivity preservation in 70.7% of paths versus 0.0% for Milstein-QMLE. An empirical S&P 500
application yields a 27% reduction in out-of-sample mean-squared error.

Keywords: £2-Consistency, asymptotic normality, Milstein scheme, quasi-maximum likelihood, parame-
ter estimation, empirical Analysis.
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Abstract

This work develops finite approximation laws for a class of optimal-stopping problems under generalized-
gamma uncertainty. A finite sequence of candidates is observed sequentially, with each candidate associated
with a random performance variable governed by a generalized-gamma distribution. The objective is to de-
termine an optimal stopping rule for accepting a candidate while controlling observation costs and terminal
failure risk. By exploiting the flexibility of the generalized-gamma model, we derive tractable expressions
for the stopping probability, failure probability, expected stopping time, and expected observation cost.
The resulting formulas provide a compact analytical description of the tradeoff between distributional
shape, decision quality, and sampling effort. Numerical illustrations validate the proposed approximation
laws and show how the generalized-gamma parameters affect stopping behavior.

Keywords: Stochastic optimization, optimal stopping, generalized-gamma distribution, uncertainty mod-
eling, reliability analysis, approximation laws.
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Abstract

In this article, we introduce a unified operator-theoretic framework for Hermite-Hadamard type inequalities
by employing pseudo-integral operators and associated differential operators. The proposed approach
extends several known results involving classical, h-, (o,m)-, and (h — (o, m))-convex functions. New
bounds are established for functions whose generalized derivatives satisfy operator convexity conditions.
Applications to fractional-type means and numerical integration formulas are also discussed, demonstrating
that the obtained results recover and improve a variety of existing inequalities as particular cases.

Keywords: Hermite-Hadamard inequality, pseudo-integral operator, pseudo-differential operator, gener-
alized convexity, operator inequalities, nonlocal analysis.
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Abstract

This talk presents analytical and numerical techniques for solving a class of fractional integro-differential
equations. A modified operational matrix method is then developed to approximate the solution by con-
structing operational matrices for the fractional differential and integral operators and transforming the
original problem into a system of algebraic equations. The proposed approach eliminates the need for
projection procedures while providing high computational efficiency and accuracy. Several numerical ex-
amples are included to validate the performance of the method. The numerical solutions exhibit excellent
agreement with the corresponding exact solutions, and the approximate fractional solutions converge to
the classical integer-order solutions as the fractional order approaches one. The accuracy of the proposed
algorithm is assessed using absolute and La-norm errors, demonstrating errors of very small magnitude. In
addition, the influence of the fractional-order parameter on the solution behavior is investigated. Finally,
the Laplace transform is employed to derive exact solutions for several classes of homogeneous fractional
integro-differential equations. The analytical results further confirm that the fractional solutions continu-
ously approach the corresponding classical solutions as the fractional order tends to one, thereby validating
both the theoretical analysis and the proposed numerical method.

Keywords: Fractional integro-differential equations, operational matrix method, Laplace transform.
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Abstract

In this talk, we introduce a notion of P-distributional convergence. Using the known characterization
of P-strong convergence in terms of P-statistical convergence and P-uniform integrability, we obtain an
equivalent characterization involving P-distributional convergence. Consequently, we establish the equiva-
lence between P-strong convergence, P-statistical convergence together with P-uniform integrability, and
P-distributional convergence together with P-uniform integrability. For the corresponding characterization
in the topological setting, we refer the interested reader to Theorem 4 in [3].

Keywords: P-statistical convergence, P-strong convergence, P-distributional convergence.

References:
[1] M. K. Khan and C. Orhan, Characterizations of strong and statistical convergences. Publ. Math.
Debrecen 76 (2010), no. 1-2, 77-88.

[2] M. Unver and C. Orhan, Statistical convergence with respect to power series methods and applications
to approximation theory. Numer. Funct. Anal. Optim. 40 (2019), no. 5, 535-547.

[3] M. Unver and N. Sahin Bayram, On statistical convergence with respect to power series methods.
Positivity 26 (2022), no. 3, Paper No. 55, 13 pp.

80



Approximation Theory and Special Functions
ATSF 2026 Conference - 9th Series
September 2-5, 2026, Ankara - Tirkiye

Szasz-Durrmeyer Type Degenerate Hermite Operators

Mustafa Kara and Mehmet Ali Ozarslan

Eastern Mediterranean University, Faculty of Arts and Sciences, Department of Mathematics,
Gazimagusa, TRNC, Mersin 10, Tirkiye
e-mail: mustafa.kara@emu.edu.tr
e-mail: mehmetali.ozarslan@emu.edu.tr

Abstract

In this paper, we introduce a new class of Szasz-Durrmeyer type positive linear operators constructed by
combining the parametric structure of degenerate Hermite polynomials with integral kernels of Gamma
type, providing a flexible generalization of several classical approximation processes. We first derive explicit
formulas for the moments and central moments of the operators, which play a fundamental role in the
analysis of their approximation behavior. By using Korovkin-type theorems on unbounded intervals, the
uniform convergence of the operators to the target function is established in suitable weighted spaces.
Furthermore, quantitative estimates for the rate of convergence are obtained by means of the classical
modulus of continuity, second-order modulus of smoothness, Peetre’s K-functional, and Ditzian—Totik
type tools. Voronovskaya-type asymptotic results are also investigated. In addition, graphical simulations
and numerical examples are presented to illustrate the convergence behavior of the operators for different
parameter values. The results demonstrate that the introduced family provides an effective and natural
extension of classical Szasz-type operators within the framework of degenerate Hermite polynomials.

Keywords: Degenerate Hermite polynomials, Szdsz-Durrmeyer type operators, rate of convergence,
weighted approximation.
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Abstract

This talk explores the profound and unifying role of hypergeometric sum/integral transformations in mod-
ern mathematical physics. We discuss how identities associated with the A,, and BC),, root systems act
as a powerful mathematical structure between distinct areas of physics [1]. We demonstrate that a range
of mathematical techniques, such as Bailey lemma [2] and asymptotic properties [3], significantly broaden
the conceptual and analytical framework available for the study of physics.

We demonstrate how these transformation formulas provide equalities between the supersymmetric indices
of dual gauge theories and encode the integrability and symmetry properties of two-dimensional lattice
models in statistical mechanics. By bridging gauge theories and the Yang-Baxter equation (YBE), which
is called gauge/YBE correspondence [4-7], we highlight how the language of advanced special functions
and their associated sum/integral identities provides a deep, unifying framework.

Keywords: Hypergeometric functions, transformation formulas, gauge theories, integrability.
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Abstract

We introduce the generalized Weinstein-Sobolev-Gevrey spaces %ﬁf;ﬁ”"(Rf‘l), defined via the generalized
Weinstein transform. We establish their basic properties, including completeness, continuous embeddings,
and duality. Using Saitoh’s theory of reproducing kernels, we solve an extremal function problem: for a
bounded linear operator . : ;7" — H, we find the unique function f;; minimizing

2 2

rllf e pn + 1 — Z fll3-
We give an explicit representation of f, in terms of the reproducing kernel of a modified space and
provide sharp pointwise estimates. Concrete examples, including the identity and multiplier operators, are

discussed in detail.

These results, published in [1], extend the theory of the CFBT to the study of extremal functions in
generalized Gevrey classes, with potential applications to regularization of inverse problems.

Keywords: Sobolev-Gevrey spaces, extremal functions, reproducing kernels.
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Abstract

This talk presents a complete harmonic analysis framework for the canonical Fourier-Bessel transform
(CFBT), a generalization of the classical Fourier-Bessel transform that unifies several integral transforms
arising in optics and signal processing. The CFBT F;" is parametrized by a matrix m € SL(2,R) and is
intrinsically linked to a quadratic deformation of the Bessel operator.

A key contribution is the factorization

ei(u+1)% sgn(b) ]_";n = L% oDpo F, o0 L%,
where L, and D, are chirp multiplication and dilation operators, respectively, and JF, is the classical
Fourier-Bessel transform. This factorization allows us to derive systematically the fundamental properties
of the CFBT: Riemann-Lebesgue lemma, inversion formula, Plancherel theorem, Paley-Wiener theorem,
and a range of uncertainty principles including Heisenberg, Hardy, Nash, Carlson, and Miyachi-type in-
equalities.

As a first application, we introduce the continuous canonical Bessel-Gabor transform %", which combines
time—frequency analysis with the CFBT structure. We prove its boundedness on L?, establish Plancherel
and inversion formulae, and derive a Heisenberg-type uncertainty principle. Using reproducing kernel
theory, we study the problem of approximate concentration and show that if the energy of 4™ f is concen-
trated in a small set, then f cannot be arbitrarily localized. Furthermore, we characterize the image space
ggm(LQ) as a reproducing kernel Hilbert space and provide explicit pointwise bounds for the kernel.

These results, published in [1], contribute a unified theory for the CFBT and demonstrate its utility in
time—frequency analysis.

Keywords: Linear canonical transform, Fourier-Bessel transform, Gabor transform, uncertainty princi-
ples.
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Abstract

This paper investigates the oscillation of solutions to first-order advanced difference equations with non-
monotone deviating arguments. We establish two oscillation criteria based on an iterative procedure,
which yield sharper conditions than existing results in the literature. Numerical examples are provided to
illustrate the applicability of the obtained criteria.

Keywords: Difference equation, oscillatory criteria, characteristic equation, non-monotone advanced ar-
guments.
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Abstract

Developing finite population estimators of parameters such as mean, variance, and asymptotic mean
squared error has been one of the core objectives of sample survey theory and practice. Sample sur-
vey practitioners need to assess the properties of these estimators so that better ones can be adopted. In
survey sampling, the occurrence of non-response affects inference and optimality of the estimators of finite
population parameters. It introduces bias and may cause samples to deviate from the distributions ob-
tained by the original sampling technique. To compensate for random non-response, imputation methods
have been proposed by various researchers. However, the asymptotic bias and variance of the finite popu-
lation mean estimators are still high under this technique. In this paper, transformation of data weighting
technique is suggested. The proposed estimator is observed to be asymptotically consistent under mild
assumptions. Simulated data show that the estimator proposed is much better than its rival estimators
for all the different mean functions simulated.

Keywords: Mean squared error, bias, kernel regression, two-stage cluster sampling, confidence interval
lengths.
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Abstract

In this study, a new generalization of the Touchard-based Appell polynomials is introduced, by the Bell
and Appell polynomials. Starting from a suitably constructed generating function that builds upon the
generalized Touchard polynomials, several fundamental properties are established, including a determi-
nant representation and a recurrence relation, together with various identities obtained through the Euler
derivative operator. Structural relations with the A-Stirling numbers of the second kind are also derived,
along with connections to Apostol-Bernoulli numbers of negative order and other combinatorial sequences,
as well as several finite and infinite summation formulas involving the new family. In addition, 3D surface
plots of certain subfamilies of this family are presented to illustrate their structural behavior.

Keywords: Touchard polynomials, Appell polynomials, determinant form, recurrence relation, Stirling
numbers.
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Abstract

This study establishes a general inequality controlling the growth behavior of the Laguerre transform
for both large and small arguments, by using a suitable class of £%-multipliers. As a consequence, a
Titchmarsh theorem-type result for the Laguerre transform is obtained in the one-dimensional setting.

Keywords: Laguerre transform, modulus of smoothness, Riemann-Lebesgue lemma, Hausdorff-Young
inequality, Titchmarsh’s theorem.
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RUC Semigroups and Their Asymptotic Limit Sets
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Abstract

Strongly continuous one-parameter operator semigroups, or Co-semigroups, play a central role in solving
the abstract Cauchy problem in Banach spaces and analyzing continuous dynamical systems. The classical
theory of Co-semigroups relies on the norm topologies of Banach spaces. In the present work, we focus on
spaces where order structures dictate the underlying geometry.

Recent literature [1] has utilized relatively uniform convergence in ordered vector spaces to introduce
relatively uniformly continuous (ruc) semigroups. They effectively generalize the topological continuity of
classical Cp-semigroups. The use of convergence regulators provides a flexible, order-theoretic approach to
analyze semigroup continuity at zero without depending on a standard topological norm.

In this talk, we explore the local properties of trajectories generated by these semigroups and formally
introduce the relatively uniform omega (wrv) and alpha (ory) limit sets. We establish that under appropri-
ate lattice conditions, such as the property (R), these ru-limit sets exhibit invariance under the semigroup

action and satisfy certain closure properties.

Keywords: Cyp-semigroups, relatively uniform convergence, asymptotic behavior.
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On the Image of the Limit ¢-Stancu Operator
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Abstract

The limit g-Stancu operator S&%, 0 < ¢ < 1 and a > 0, arises as the limit form of the g-Stancu polynomials
introduced by Nowak [2] and constitutes a significant generalization of the classical Bernstein operators.

Our main goal is to understand how analytic properties of functions are reflected in their images through
S&*. It is proved that the image of every continuous function on [0, 1] can be extended analytically to a
certain disk in the complex plane. It is also shown that having more derivatives at the point x = 1 leads to
a larger domain of analyticity. In particular, if a function is infinitely differentiable at x = 1, then its image
is an entire function. Furthermore, growth estimates for the image functions are obtained. Finally, it is
established that the image of any transcendental entire function grows strictly slower than the function
itself unlike the case of polynomials where S&® owns the degree preserving property.

This talk is based on a joint work with Sofiya Ostrovska and Mehmet Turan from Atilim University,
Turkiye.

Keywords: ¢-Bernstein operator, limit ¢g-Stancu operator, growth estimate.
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A Class of Generalized Gegenbauer Polynomials
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Abstract

A derivative-based extension of the classical Gegenbauer polynomials is proposed by introducing an addi-
tional independent variable, leading to a new family of bivariate polynomials. The construction is examined
through its algebraic and analytic characteristics, and explicit formulas together with the corresponding
generating function are established. Several identities, including recurrence formulas, differential and in-
tegral relations, are obtained, providing effective tools for investigating the proposed polynomial family.
Connections with Stirling numbers and power sums are also derived, yielding a variety of combinatorial
identities. Finally, the generating function is extended to a more general form, from which further identities
and consequences for the new polynomial family are deduced. The results enrich the theory of generalized
Gegenbauer polynomials and provide a basis for further developments in the study of special polynomial
sequences.

Keywords: Gegenbauer polynomials, recurrence relation, generating function, symmetry identity.
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Dynamics of Oxygen-Phytoplankton Interactions:
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Abstract

In this presentation, we investigate the dynamic behavior of an oxygen-phytoplankton interaction model [1]
incorporating a strong Allee effect. To characterize how the system evolves, we employ both the continuous-
time differential equation framework and its discrete-time counterpart [2]. Initially, the local stability con-
ditions of the biologically relevant equilibrium points—extinction, Allee threshold, and positive coexistence—
are determined for both systems. The prerequisites for the presence of specific bifurcations are next stud-
ied. We demonstrate that the continuous system undergoes a transcritical bifurcation driven by the Allee
threshold, acting as a tipping point between survival and collapse. Conversely, the discrete-time system
exhibits flip bifurcations leading to chaotic dynamics as the time step size varies [3]. We have observed
that the Allee equilibrium functions as a critical separatrix; trajectories below this threshold collapse to
extinction, while those above may converge to coexistence. To rigorously quantify the vulnerability of the
system beyond standard stability analysis, we utilize the resilience index to estimate the probability of
persistence based on the basin of attraction, and the first passage time function to detect critical slowing
down near these tipping points. Our numerical simulations reveal a ”ghost of attractor” phenomenon [4],
indicating that the system may exhibit low resilience by lingering in a vulnerable depletion zone even
before a total collapse. Ultimately, this study serves as a theoretical foundation for understanding the
ecological consequences of global warming, demonstrating how environmental stress can push seemingly
stable ecosystems across critical thresholds toward irreversible collapse.

Keywords: Allee effect, global warming, stability analysis, tipping point, bifurcation analysis, ghost of
attractor, ecological resilience.
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Abstract

Recent work by Mathevet, Morier-Genoud, and Ovsienko (2026) introduced a novel g-deformation of the
classical Pythagoras equation, A(q)? + ¢B(q)* = C(¢)C*(g), constructing an infinite family of polynomial
solution triples systematically indexed by standard Pythagorean triples through a ¢-deformed action of
the modular group PSL(2,Z). While this dynamic framework successfully generates standard solutions, it
leaves alternative ’exotic’ solution orbits—discovered via numerical experimentation—algebraically isolated
and unclassified.

In this paper, we propose an alternative, static classification paradigm by embedding the g-deformed
Pythagoras equation directly into the commutative quadratic ring extension R = Z[g|[+/—¢|. By reinter-
preting the left-hand polynomial combination as an algebraic norm, the task of finding valid polynomial
triples is reframed as a problem of characterizing principal ideals invariant under a reciprocal involution
operator. Utilizing a generalized polynomial form of the Brahmagupta—Fibonacci identity, we establish the
exact structural and degree-bound constraints required to satisfy the necessary monic, positive-coefficient,
and self-reciprocal boundary conditions. This ring-theoretic approach provides a rigorous algebraic mech-
anism that accounts for the existence of non-factorable exotic solutions, mapping them to distinct poly-
nomial orbits outside the scope of the standard modular tree. Finally, we discuss how this framework can
be leveraged to address the open conjecture on coefficient unimodality using complex root distribution on
the unit circle.

Keywords: ¢-Deformed Pythagoras equation, ring extensions, quadratic rings.
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Gamma Type Operators that Preserve Logarithmic
Functions
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Abstract

In this talk, Classical Gamma-type operators that preserve logarithmic functions is introduced utilizing
the methods outlined in [1]. Additionally, we examine the convergence properties of these operators and a
quantitative estimate of the approximation error is derived in relation to the modulus of continuity.

Keywords: Gamma-type operators, logarithm preservation.
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Abstract

Products of random variables arise in reliability theory, wireless communications, risk modelling, and
related areas of applied probability. Motivated by our previous work on products of Weibull random
variables [1], we consider the product of independent generalized gamma random variables with non-
identical parameters. More precisely, let

Hn:ka’ & ~ GG(ak,dr,pr), k=1,...,n,
k=1

where GG(a, d, p) denotes the generalized gamma distribution with density

(p/ad)xdflef(z/a)p
I'(d/p) ’
We derive a sharp asymptotic formula for the survival probability P(Il,, > z) as £ — co. The proof relies

on a transformation analogous to that used in [2], the integral representation of the product tail, and the
multidimensional Laplace method; see, for instance, [3].

fz) = z > 0.

Keywords: Generalized gamma distribution, product of random variables, Laplace method, tail distribu-
tion function.
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Abstract

Neural network operators form a constructive framework for quantitative approximation and numerical
signal modeling. Motivated by sigmoidal neural network approximation theory [1], fractional neural net-
work approximation [2], recent infinite-domain ordinary and fractional quasi-interpolation schemes [3], and
generalized neural network operator constructions [4], this study compares three denominator-free neural
network operators on noisy damped time-series data: the sampling-type .S,, operator, the Kantorovich-type
K, operator, and the quadrature-type @, operator. The theoretical framework is based on modulus-of-
continuity-type Jackson estimates and on the fractional approximation viewpoint involving left and right
Caputo fractional derivatives. In the computational setting, S, uses pointwise samples, K, incorporates
local averaging through integral means, and @, replaces continuous integration by weighted numerical
quadrature. Numerical validation is performed on a 60-month damped harmonic oscillator signal with ad-
ditive Gaussian noise. The first 48 months are used for hyperparameter selection, and the final 12 months
are reserved for blind testing. The S, operator achieves an MAE of 0.7787 and an R? value of 0.9518,
while K, yields an MAE of 0.8142 and an R? value of 0.9389. The Simpson-based Q, operator closely
reproduces the Kantorovich performance while reducing the cost of repeated integral evaluations.

These findings indicate that denominator-free neural network operators provide an efficient and theoreti-
cally grounded approximation strategy for noisy damped time-series signals.

Keywords: Neural network operators, damped time series, approximation metrics.
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Abstract

Many real-world problems contain not only uncertainty but also additional ambiguity about the reliability
of that uncertainty. Classical mathematical models based on precise distance definitions often encounter
significant limitations in practical applications due to measurement errors, perceptual inconsistencies, and
unfavorable environmental conditions. Consequently, the reconsideration of fundamental notions such
as proximity, similarity, and distance in uncertain environments has emerged as an important research
topic from both theoretical and practical perspectives. In this regard, Type-2 fuzzy numbers, originally
introduced by Zadeh [1] and subsequently developed in depth by Mendel [2], provide a powerful frame-
work for modeling higher-order uncertainty. Unlike Type-1 fuzzy sets, where uncertainty is represented
solely through membership grades, Type-2 fuzzy sets incorporate uncertainty directly into the membership
functions themselves. This additional degree of freedom enables a more comprehensive representation of
imprecise and ambiguous information. The concept of a-cuts, which plays a central role in the analysis
of Type-1 fuzzy numbers, has been generalized to («, 3)-cuts for Type-2 fuzzy numbers. This extension
has provided an effective analytical tool for investigating the structural and mathematical properties of
Type-2 fuzzy numbers. In particular, approaches based on (a, 8)-sections have bridged a significant gap
in the literature by facilitating the systematic study of Type-2 fuzzy quantities within a rigorous mathe-
matical framework. On the other hand, Kaleva and Seikkala [3] extended the classical notion of a metric
by introducing a distance function whose values are non-negative Type-1 fuzzy numbers.

Motivated by the increasing need to model higher-order uncertainty, the primary objective of the present
study is to incorporate the second-order uncertainty represented by Type-2 fuzzy sets into the metric
framework originally proposed by Kaleva and Seikkala. To this end, a Type-2 fuzzy metric obtained by
especially the absolute value function is constructed explicitly through («, 8)-sections, thereby providing
a natural and systematic extension of classical fuzzy arithmetic to the Type-2 setting.

Keywords: Type-2 fuzzy metric, (a, 3)-level sets, second-order uncertainty.
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Abstract

The Donoho-Stark uncertainty principle quantifies the impossibility of a nonzero function and its Fourier
transform being simultaneously highly concentrated on small sets. This work extends this principle to the
Laguerre hypergroup, a non-Euclidean harmonic analysis framework.

We first prove Donoho-Stark theorems for the Fourier-Laguerre transform, establishing quantitative bounds
relating the measures of concentration sets in the spatial and frequency domains.

We then extend these results to the Continuous Laguerre Wavelet Transform (CLWT), obtaining new
concentration inequalities in the time-scale domain.

Our main contribution is the introduction of localization operators associated with the CLWT. For func-
tions that are approximately localized with respect to two such operators, we prove a Donoho—Stark-type
inequality that provides a lower bound on the product of the measures of the corresponding concentration
sets.

These results extend classical uncertainty principles beyond FEuclidean settings and offer new tools for
time—scale signal analysis on hypergroups.

Keywords: Donoho-Stark uncertainty principle, Fourier-Laguerre transform, continuous Laguerre wavelet
transform, concentration operators, localization operators, Laguerre hypergroup.

98



Approximation Theory and Special Functions
ATSF 2026 Conference - 9th Series
September 2-5, 2026, Ankara - Tirkiye

Degenerate Sheffer F-Polynomials and Their Properties

Semra Kusg
Kurgehir Ahi Evran University, Mucur Vocational High School, Kirsehir, Tirkiye
e-mail: skus@ahievran.edu.tr
Abstract
The Sheffer F-polynomial sequence {sn(z)},5, is defined by so(z) = const # 0 and
Q(9r) sn(x) = Fnsn-1(z), (n20),

where @Q () is delta F—operator in [1].

In this study, we introduce the degenerate Sheffer F-polynomials by means of a combination of F-calculus
and degenerate sequences. Furthermore, utilizing the F-umbral calculus and the F-derivative, we derive
various properties of these polynomials and establish their relations with certain specific fibonomial-based

degenerate polynomials.

Keywords: Degenerate polynomials, Sheffer sequences, Fibonomial calculus.
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Abstract

In this presentation, a new family of Jakimovski—Leviatan—Paltanea type positive linear operators, gen-
erated via a general framework incorporating special polynomials, is introduced and investigated on the
unbounded interval [0, 00). By embedding the exponential moment properties of this general framework,
convergence properties are obtained. To form the basis of the theoretical analysis, explicit representations
for the moments and central moments are derived using generating function techniques. While uniform con-
vergence properties are established via a Korovkin-type theorem, the rate of convergence is computed with
the aid of the modulus of continuity and the Lipschitz class. To better elucidate these convergence char-
acteristics, the theoretical results are supported by structured comparison tables. Furthermore, weighted
approximation results are examined in suitable weighted spaces, and a Voronovskaya-type asymptotic
theorem is proved to characterize the asymptotic behavior of the approximation error.

Keywords: Jakimovski-Leviatan—Paltanea operators, Korovkin-type theorem, Voronovskaya-type theo-
rem .
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Abstract

In approximation theory, classical convergence is sometimes insufficient to analyze the behavior of positive
linear operators, necessitating the use of generalized summability methods. Motivated by recent devel-
opments for single sequences, the primary aim of this study is to first introduce the concept of almost
A-statistical convergence for double sequences. Specifically, for a subset F C N2 and an almost regular
four-dimensional matrix A = (anmi;), we define the almost A-density of F' as

s+p—1tt+qg—1

51247“(]-7‘) =P — p}]igloopiq Z Z Z Anmij

n=s m=t (i,j)EF

uniformly in s and ¢. Consequently, a double sequence z = (z;;) is said to be almost A-statistically
convergent to a limit L if for every ¢ > 0, the following condition holds:

5124@ ({(%J) eNg: |z — L > e}) —0.

Following this new mathematical construction, we establish a Korovkin-type approximation theorem for
double sequences of positive linear operators acting on the space of continuous functions of two variables.
To demonstrate the significance and effectiveness of our theoretical results, we construct an illustrative
example of a sequence of positive linear operators that fails to converge in the classical or ordinary sta-
tistical sense but converges under our newly proposed method. Finally, the theoretical developments are
supported by MATLAB-based numerical experiments. Graphical representations are provided to illus-
trate the convergence behavior of the constructed example, substantiating the mathematical claims with
computational evidence.

Keywords: Almost A-summability, double sequences, Korovkin-type theorem, positive linear operators.
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Abstract

Neutrosophic normed space (NNS) was defined and some important properties of NNS and statistical
convergence with respect to NNS were investigated by [2]. In this study, we expand on this work by
examining further properties of the Cesaro submethods associated with a strictly increasing sequence
A = (\n) of positive integers defined by [1]. Namely, we examine further the inclusion properties of these
submethods and their relationship to statistical convergence in neutrosophic settings. A counterexample is
also constructed to show that the inclusion between these sequence classes is strict in general. In addition,
we introduce the concepts of Cy-completeness and Dx-completeness. We prove that every neutrosophic
normed space is complete with respect to these convergence methods.

Keywords: Neutrosophic normed space, statistical convergence, density, deferred convergence, Cauchy
sequence.
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Abstract

In this paper, we investigate a ratio-dependent predator—prey model incorporating both fear effect and
prey refuge mechanisms. The model is formulated within the Leslie-Gower framework [1], where predator
growth depends on the ratio between prey and predator populations. The fear effect is introduced through
a nonlinear reduction in the prey reproduction rate, while the refuge mechanism assumes that a constant
portion of the prey population is protected from predation.

We first establish the positivity and invariance of solutions in the biologically meaningful region. Then,
the existence and uniqueness of positive equilibrium points are obtained for all considered submodels.
Local stability of the equilibria is analyzed by means of the Jacobian matrix and eigenvalue criteria.
In particular, conditions ensuring stable node and stable spiral behavior are derived explicitly in terms
of the model parameters. Furthermore, global dynamical properties of the full system are investigated.
Sufficient conditions guaranteeing global asymptotic stability of the positive equilibrium are established.
The obtained results show that the combined effects of fear and refuge significantly influence the stability
structure and long-term dynamics of the predator-prey interaction.

Keywords: Predator-prey model, ratio-dependent, fear effect, refuge, global stability.
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Abstract

This study investigates the approximation properties of modified Baskakov operators via power series
statistical convergence. By analyzing these operators within weighted function spaces, we explore their
convergence characteristics on unbounded intervals and establish quantitative estimates for the rate of
convergence using the weighted modulus of continuity. Our findings highlight the effectiveness of power
series statistical methods in extending the applicability of linear positive operators. The theoretical results
are supported by illustrative examples and graphical illustrations to demonstrate the efficiency of the
operators.

Keywords: Power series statistical convergence, weighted Korovkin-type theorem, rate of convergence.
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Abstract

Freudenthal’s spectral theorem is one of the most important statements in the theory of vector lattices [1].
It fundamentally highlights the importance of investigating the fragments of positive elements within
these spaces. Recent developments have begun to bridge this lattice-theoretic framework with topology,
establishing initial connections between the fragment structures of continuous functions and their associated
zero sets [2].

In this work, we deepen this connection by providing a direct topological characterization of fragments
within the space C[0,1]. Specifically, we prove that a continuous function f € C[0, 1] admits a proper
fragment if and only if its zero set Z(f), endowed with the subspace topology, contains a nontrivial clopen
subset. Moreover, motivated by recent advancements in the complexification of vector lattices [3], we
extend our topological approach to the complex function space C[0,1] + ¢C[0,1]. By analyzing the zero
components of the real and imaginary parts, we establish explicit topological criteria for the existence of
proper complex fragments.

This talk is based on an ongoing joint work with N. Erkursun-Ozcan.

Keywords: Vector lattices, continuous function spaces, fragment structure, zero set, clopen set, complex-
ification.
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Abstract

Binomial-type polynomial sequences, first introduced by Popoviciu [1], provide a natural setting for con-
structing positive linear operators. Building on this, Sablonnére [2] introduced the Bernstein-Sheffer op-
erators and investigated their approximation properties on C[0,1]. In this work, we introduce multiple
Bernstein-Kantorovich operators as a Kantorovich-type extension [3] of the multiple binomial-type op-
erators recently studied in [4]. These operators are constructed via multiple binomial-type polynomial
sequences defined through the exponential generating function e*¥ (tl’tQ), extending the classical single-
index framework to a multi-index setting. We establish the moments and central moments of the operators
and prove uniform convergence via the Korovkin theorem. Quantitative estimates are obtained using the
classical modulus of continuity, the second-order modulus of smoothness, and Peetre’s x-functional. Ap-
proximation rates for Lipschitz-type function classes are also derived. In particular, the linear choice H
yields the classical Bernstein-Kantorovich operator of degree 2n, achieving an improved convergence rate
by a factor of 1/4/2 compared to the classical operator of degree n. Finally, for the Bell-type generat-
ing function H, the second central moment of the multiple operator is asymptotically half that of the
corresponding single-index operator, independently of any additional parameters.

Keywords: Multiple Bernstein-Kantorovich operators, modulus of continuity, Sheffer polynomials, Pee-
tre’s k-functional, Bell numbers.
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Abstract

In this paper, we study the Cesaro summability of order §, (C, d), 6 > —1, on the Fourier—Bessel series, and
using the n*—Cesaro mean of order ’¢’, we approximate functions with a jump discontinuity, for which
the classical Fourier—Bessel series partial sums exhibit Gibbs phenomena near the point of discontinuity
and show ringing behaviour at points away from the discontinuity [1,2]. Inspired by the classical theory
of Cesaro summability for trigonometric Fourier series [3,4], we formulate the (C,d) summability of the
Fourier—Bessel series and develop the corresponding theory and results. In particular, an explicit kernel
representation analogous to the trigonometric Fourier series is introduced, and its basic properties are
studied.

In the numerical study, the approximation is illustrated using a benchmark function, a step function with
a jump at x = 1/2. A systematic comparison is shown by initially fixing the number of terms (V) in the
nth (C, §)-mean and varying the summability factor ¢, and then by fixing § while varying N. The obtained
results show that for sufficiently large IV, Cesaro means mitigate Gibbs phenomena near discontinuities,
and reduce oscillations which is present in partial sums. Moreover, we observe that as § increases with
fixed N, the graph of the Cesaro mean becomes noticeably smoother but simultaneously deviates from the
true value of the function. Therefore, small positive values of § are more effective than larger ones. Overall,
these results show that the (C,d), 6 > —1 means of Fourier-Bessel series provide an effective method for
approximating functions, especially when the functions have jump discontinuities.

Keywords: Fourier—Bessel series, Cesaro summability, Gibbs phenomenon.
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Abstract

The search for new functional materials with suitable electronic, optical, and thermoelectric properties
is of great interest for future energy and optoelectronic technologies. In this context, a first-principles
computational investigation is carried out on the hypothetical cubic C1b Half-Heusler compounds SrMgSi
and SrMgSn.

Using density functional theory (DFT), the study examines their structural, electronic, optical, mechanical,
and thermoelectric properties. The electronic structure is analyzed within both PBE-GGA and mBJ-GGA
approximations, and the thermoelectric properties are evaluated using the BoltzTraP code. The main

objective is to assess the potential of these materials for optoelectronic and thermoelectric applications.

Keywords: DFT, C1b half-Heusler phases, SrMgSi, SrMgSn, thermoelectric properties.
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Abstract

In this study, several analytical properties of the telephone polynomials will be investigated. First, a
Mehler-type formula that provides a new bilinear generating relation for this polynomial family and dif-
ferent types of generating function relations will be established to reveal the structural properties of the
telephone polynomials. In addition, a mixed-type recurrence relation and a determinantal representation
for the telephone polynomials will be derived, and their asymptotic behavior will be investigated. The
obtained results are expected to contribute to the theory of special functions and orthogonal polynomials
and to provide a basis for further studies in this area.

Keywords: Telephone polynomials, generating function, Mehler-type formula.
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Abstract

The notion of a rough family has been recently introduced in [1,2] to explore rough ideal convergence
in topological spaces. This study primarily aims to introduce novel topological concepts, such as the
rough interior and rough closure of a set from the perspective of a rough family, leading to the definition
of rough open sets and rough closed sets. As a consequence, we generate a new topology in a given
topological space, referred to as a rough topology. We characterize this rough topology and examine its
relationship with the existing topology. Furthermore, we extend the notion of homeomorphism to rough
homeomorphism and construct several examples that demonstrate that two non-homeomorphic spaces
can be roughly homeomorphic under certain roughness. Our findings diverge from some previous results,
generate novel properties.

Keywords: Rough family, rough open set, rough closed set, rough topology, rough homeomorphism.
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Abstract

In this talk, we introduce a generalized family of positive linear operators that unifies the modified
Bernstein-Kantorovich operators studied by Ozarslan and Duman [3] with the operator-theoretic Korovkin
framework developed by Popa [4], Kiran Kumar and Vinaya [2], and Dorai [1]. Our operators map continu-
ous functions on a closed interval into continuous functions on a compact Hausdorff space, and incorporate
a shape parameter that influences both the limit operator and the rate of approximation.

We establish a uniform convergence theorem, showing that the convergence of the operator sequence to
a weighted composition operator is equivalent to the uniform convergence of an underlying sequence of
continuous functions. This theorem extends and incorporates several known results from the literature as
special cases.

Our main contribution is a simultaneous approximation theorem, showing that not only the operators
but also their derivatives of any order converge uniformly to the corresponding derivatives of the limit
operator, and we characterize this simultaneous convergence as equivalent to the uniform convergence of
the underlying sequence of continuous functions. The proof relies on finite difference operators, the Faa
di Bruno formula, and partial Bell polynomials. We also establish quantitative estimates for the rate of
convergence for functions in Lipschitz classes.

Keywords: Bernstein-Kantorovich operators, Korovkin approximation theorem, simultaneous approxi-
mation.
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Abstract

Diabetes is a chronic metabolic disease whose prevalence is rapidly increasing worldwide and significantly
affects the quality of life of individuals. Genetic predisposition is considered an important risk factor in the
development of the disease. Genetic predisposition is defined as an increased risk of developing diabetes
due to an individual’s inherited characteristics. Diabetes is not a disease that develops suddenly, but
rather the result of changes that accumulate over many years. This shows that an individual’s past health
status and genetic risks have an impact on the current disease process. While mathematical models created
with classical derivatives take into account the instantaneous change in the system, fractional derivatives
can also model the impact of past conditions on current dynamics. This feature provides a significant
advantage in terms of being able to evaluate effects such as genetic predisposition cumulatively over time.

This study will employ a fractional-order mathematical model to examine the effect of genetic predisposition
on the development of diabetes. In the model, genetic predisposition will be considered one of the key
factors influencing the transition to prediabetes, and the effects of this process on diabetic patients and
those with complicated diabetes will be investigated. Figures obtained for different values of parameters
representing genetic predisposition will show the time-dependent changes in diabetes and complicated
diabetes classifications.

Acknowledgement: The study is supported by Balikesir University under the Grant no. BAP 2026/039.
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Abstract

Recently, Shepard operators have been combined with local interpolation operators such as Taylor,
Bernoulli, and Lagrange polynomials to improve their approximation properties. Furthermore, nonlinear
versions of these combined Shepard operators using the max-product operators [1] have been studied for
the approximation of nonnegative functions [2-4]. Motivated by these results, in this presentation we
consider the combined Shepard-Lidstone operators introduced in [5-7] and improve the convergence result
established in [6] by showing that the convergence holds for all A > 1, whereas the previous result required
the condition A > 2r — 1. We also present the max-product Shepard—Lidstone operator and establish
its rate of convergence together with its approximation properties. The proposed nonlinear operator
exhibits improved approximation properties compared with the classical Shepard and Shepard-Lidstone
operators. In addition, we apply regular summability methods to suitably modified sequences of operators
in cases where classical convergence fails. Finally, we demonstrate the theoretical findings using numerical
examples.

Keywords: Max-product operators, Shepard-type operators, Lidstone Polynomials, rates of convergence.
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Abstract

In this talk, we use recently proposed concepts of horizontal membership function (HMF) and granular
derivative based on granular difference to introduce and study the equivalence relation between granular
differential equations and a class of fuzzy differential equations (FDEs). It is well known that in the
study of FDEs fuzzy interval arithmetic and differentiability concept are very important. But some re-
strictions imposed by the approaches which are based on these concepts make it difficult to solve FDEs.
Some of restrictions associated to previous approaches—Hukuhara differentiability, generalized Hukuhara
differentiability- are the existence of unnatural behavior in the modeling phenomenon, the existence of
multi-solutions with different geometric presentations, the diameter of the fuzzy function be monotonic,
the result of each of the four basic operations performed on fuzzy numbers is not a fuzzy number etc. So
thanks to the relative-distance-measure (RDM) fuzzy interval arithmetic based on RDM variables enable
direct introducing uncertain interval or fuzzy variable-values in usual mathematical formulas together with
crisp values. Moreover, we compare the proposed approach with other ones based on other derivatives us-
ing some examples. In addition, we discuss the efficiency and effectiveness of the proposed approach in
detail.

Keywords: Fuzzy differential equations (FDEs), granular differentiability, horizontal membership func-
tions, relative-distancemeasure (RDM).
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Abstract

The control problems for set-valued trajectories of a nonlinear dynamic system described by differential
equations with nonlinearity and uncertainty are studied. It is assumed that only the bounding sets for
uncertain variables are known and any additional statistical information is not available. Approaches are
described for solving the optimal control problem for such systems, including the problem of the fastest
transfer of the system state inside a given terminal set.

The research develops previously proposed theoretical schemes and improves basic approaches considered
earlier in [1,2]. Numerical simulations related to the proposed techniques and based on new state estimation
ideas and on new algorithms are included to illustrate the main results.

The work was performed as part of research conducted in the Ural Mathematical Center with the financial
support of the Ministry of Science and Higher Education of the Russian Federation (Agreement number:

075-02-2026-737).
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Abstract

Let W(x) = S,(z) —« be the residual waiting time of a renewal process, v(x) = inf{n > 1: S, > x} and let
R(z) = E[W(z)]. For non-negative i.i.d. interarrival times with distribution function F', survival function
F, and finite mean u, the identity R(x) = pU(x) — = transfers the bounds for renewal-function U(x)
directly to R(z). Chadjiconstantinidis [1] obtained exponential-type bounds involving the root x(z) > 0
defined by fol e @Y dF (y) = 1, which yield

1— —zk(x) 1— —2zk(xz)
,u,ji—ng(x) §,u57—x
F(x) F(x)
To facilitate the numerical computation of k(zx), we construct an analytical initial bracket using the trun-
cated moments m;(z) = foz y dF(y), j=1,2:

1 <1 N xF(x)) < w(z) < —mi(z) + /m2(x) + 2ma(2) F ()

z log ma(x) ma(x)

If [an (), bn(z)] is the interval obtained after n bisection steps, its midpoint is defined by kn(x) = (an(x)+
bn(x))/2. Substituting k,(z) into the mean of the two bounds gives the following approximation for
expected value of residual waiting time process R(z):

_ H 71/;,1(1) 721;\”(1)
Rbapp.n(T) = — [2 —e —e } — .
bapp, ( ) 2F(x)

The method is illustrated for the heavy-tailed Pareto/Lomax distribution with shape v = 2 and scale
A = 1, and compared with the numerical values reported in [1]. Numerical comparisons based on the
values reported in [1] demonstrate the applicability of the method in a heavy-tailed setting.

Keywords: residual waiting time, renewal process, exponential-type bounds, bisection method, heavy-
tailed distributions.
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New Enclosures for Bessel Functions
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Abstract

We present a new paradigm for deriving enclosures for Bessel functions J, and Y, of the first and second
kind for real arguments and orders. It is based on a hitherto unknown monotonicity property of a differential
operator related to the modulus function M, := +/J2 + Y;2. When applied to the asymptotic expansions
of the modulus M, and the phase ©, := arctan; /J,, we obtain significantly tighter enclosures than the
known ones. Moreover, former results for the asymptotic expansion of M, apply only if the number of
summands exceeds the order v and results for the asymptotic expansion of ©, apply only if v < 3/2. By
contrast, our findings apply to any number of summands and arbitrary orders v > 0, thus extending the
covered range substantially.

Further, we introduce the most simple, yet powerful one-term approximation

2
M(2)~ | —
w22 —v2+1/4
of the modulus. We discuss its convergence properties, specify enclosures for itself and the resulting
approximation of the phase ©,, and conclude with some remarks concerning convergent bounds on the

location of the zeros of J, and Y, .

Keywords: Bessel function, asymptotic expansion, enclosure.
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On a New Class of Multivariable k-Gottlieb Polynomials
and Their Analytical Properties
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Abstract

In this paper, we introduce a new class of multivariable k-Gottlieb polynomials as a k-analogue of the clas-
sical multivariable Gottlieb polynomials and investigate their fundamental properties. These polynomials
are defined via an appropriate generating function, which serves as the main tool for deriving explicit rep-
resentations. By employing analytic and operational techniques, we establish several key results, including
generating function identities and a Mellin transform formula. Furthermore, we obtain various integral
representations that provide additional insight into their structural properties. The results presented here
extend the theory of multivariable Gottlieb polynomials and contribute to the development of k-special
functions.

Keywords: Multivariable k-Gottlieb polynomials, k-analysis, generating function, integral representation.
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Abstract

Truncated versions of classical special polynomials have been receiving growing attention in recent years,
largely due to their connections with generating functions, combinatorial identities, and hypergeometric-
type structures. Motivated by this interest, the present work introduces a new generalization of truncated-
type polynomials built on a modification of the classical Frobenius—Euler generating function. The con-
struction relies on a finite truncation applied to the exponential part of the generating function, which
naturally gives rise to a flexible framework that includes several well-known polynomial families as special
cases. Within this setting, we study a number of fundamental properties of the introduced polynomials:
generating functions, recurrence relations, differential identities, and representation formulas involving
Stirling numbers of the second kind. We also touch on connections with hypergeometric functions and
take a closer look at how the zeros of these polynomials behave in the complex plane.

Keywords: Frobenius-Euler polynomials, truncated polynomials, generating functions, Stirling numbers,
zeros of polynomials.
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Abstract

We introduce Variable Jackson ¢-Gradient Descent (VJqGD), a first-order optimization method [1], in-
spired by recent advances in accelerated first-order methods for non-convex optimization . The proposed
approach replaces the classical gradient with a Jackson g-gradient and progressively anneals the deforma-
tion parameter according to

ar =1+ (go — 1)e /7.

This mechanism enables a smooth transition from an exploratory non-local optimization regime toward
classical gradient descent behavior as gx — 1, consistent with prior observations regarding the exploratory
capabilities of g-gradient-based methods [2]. We further establish theoretical guarantees showing that,
under standard smoothness assumptions and for ¢ > 1 sufficiently close to 1, the Jackson g¢-gradient
defines a valid descent direction on bounded sets, in line with modern analyses of first-order optimization
methods [3].

The proposed method is evaluated on a diverse benchmark suite including Ackley, Rastrigin, Levy, Rosen-
brock, Michalewicz, SumSquares, and EggHolder functions. Comparisons with Gradient Descent, Adam
, RMSprop , and Adagrad are conducted using statistical tests and Dolan-Moré performance profiles.
Experimental results demonstrate that VJqGD achieves competitive convergence and improved robust-
ness on multimodal and ill-conditioned optimization landscapes, while also revealing limitations on highly
deceptive functions such as Michalewicz.

Keywords: Gradient descent, g-calculus, g-derivative, Armijo rule, adaptive optimization.
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Abstract

Cahn-Hilliard equations were introduced to model phase separation processes in binary alloy-like materials
[1]. In this work, we investigate the hyperbolic Cahn—Hilliard equation without a viscosity term under
dynamic boundary conditions. We modify the boundary conditions in order to estimate certain terms
arising in the analysis of the problem. Then, we define weak solutions for the problem and establish the
existence of these solutions through the Faedo-Galerkin approximation method.

This work is supported by the Scientific and Technological Research Council of Tiirkiye (TUBITAK)
through the ARDEB 3501 Career Development Program (Project No. 123F453).

Keywords: Hyperbolic Cahn-Hilliard equation, dynamic boundary conditions, Faedo-Galerkin method,
weak solutions, energy methods.
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Abstract

In recent years, hypergeometric functions have been used to introduce new generalizations of certain
particular polynomial families. For example, confluent Appell polynomials have been defined by considering
the confluent hypergeometric function, and various properties of these polynomials have been investigated
[1]. Furthermore, the literature also mentions the k-analogue of hypergeometric functions [2,3]. The
purpose of this study is to analyze the k-analogue of Appell polynomials and introduce k-confluent Appell
polynomials. A few of these polynomials corresponding characteristic characteristics are investigated,
including its recurrence relation, explicit representation, summation formulas, determinant representation,
and various properties. When we focus on the special case of k, these polynomials reduce to the confluent
Appell polynomials. Additionally, subfamilies containing special cases of the determining function and
their properties are given.
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Abstract

This seminar focuses on the approximation of hexagonal Fourier series using generalized Abel-Poisson
means. It introduces Hilbert and Banach spaces, orthonormal bases, Fourier coefficients, and Fourier series
as the mathematical foundation. It explains the Poisson kernel, Abel-Poisson means, Holder spaces, gen-
eralized Abel means, and the Sharma-Varma theorem. The seminar then extends these ideas to hexagonal
Fourier series and reviews approximation results by Ali Giiven. The main goal is to obtain a Sharma-
Varma type theorem for generalized Abel-Poisson means on hexagonal domains. This study contributes
to approximation theory and has potential applications in harmonic analysis, signal processing, image
processing, and numerical analysis.

Keywords: Hexagonal domain, Fourier series, Abel-Poisson means.
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Abstract

In this study, the convergence and approximation properties of Fourier series defined on two-dimensional
hexagonal domains are investigated. The rate of approximation results obtained in the literature for
classical de la Vallée Poussin means via linear positive operators are generalized in this work to "Deferred
de la Vallée Poussin' means, which offer a more flexible structure based on parameter sequences. To
overcome the analytical difficulties on the hexagonal lattice, the deferred means of hexagonal Fourier series
are constructed by utilizing the intersection geometry and the modulo 3 congruence relation provided by
the three-dimensional homogeneous coordinate system. Finally, the rates of approximation (error bounds)
of these newly defined operators to continuous functions in the Lipschitz class are proved in terms of the
modulus of continuity.

Keywords: Hexagonal domain, Fourier series, rate of approximation, deferred de la Vallée Poussin means.
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Abstract

In this paper, we study Lototsky type Bernstein-Schurer operators By, ,(f;x). These operators generalize
the classical Bernstein-Schurer operators by incorporating functions h;(x) into the Lototsky basis. Using
the Korovkin theorem, we prove that the sequence of operators converges uniformly to f(z) on the space
of continuous functions. An upper bound for the rate of approximation is obtained using the modulus
of continuity. Furthermore, under certain differentiability conditions, a general theorem describing the
asymptotic behavior of the operators is proved. These results support and generalize existing studies on
Lototsky type operators and positive linear operators in approximation theory.

Keywords: Positive linear operators, Lototsky type Bernstein-Schurer operators, modulus of continuity.
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Abstract

This talk concerns an inverse problem in scattering of plane waves by a medium. The forward problem
consists to find the far field pattern '(or scattering amplitude) from the scatterer (inhomogeneity in the
medium). The total wave v = u® 4+ u’ satisfies the Helmholtz equation

Au+Ep(x)u=0 in R?

with the radiation condition

lim ﬁ(au —ikus) =0.

r— 400 a’/'

For incident plane wave u’(z) = exp(ikd - x), the far-field u® (%) is defined by the asymptotic formula

ikr

u®(z) = e\/; {uoo(fc) +0 (%)}, r=lz|, &= % = (cos#,sinb).

More precisely we have ( [2])
i T k- 2 2
4\/87T/ Yg)uly)dy (¢=1-pe C5(R?)).

We assume that p(z) = p( ) such that p =1 for » > R. The aim of this work is to derive the forward
operator F' : q¢ — u™ Zoo Cosn0 Then we study the inverse problem (determining the
potential g from the far ﬁeld) Wthh is equlvalent to the nonlinear equation F(q) = udy where uly is the
observed far field.
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Abstract

In this paper, we define a spatio-temporal ARCH model with location dependent parameters to describe
temporal variation and spatial nonstationarity see [1]. We propose two methods for estimating the ARCH
functions a;(.). Both methods are based on a localised least squares criterion see [2]. The first estimator is
a localised least squares estimator with constant regressors, whereas the second estimator is a local linear
least squares estimator. The sampling properties of these estimators are investigated.
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Abstract

The functional approximation of quantum mechanical properties over discrete isomer spaces frequently
encounters outliers that distort predictive stability. This work proposes a mathematical methodology to
isolate these anomalies in modeling the Tension Strain Energy (TSE) of the complete set of Caa fullerene
isomers, utilizing operators based on Fragmental Matrix Property Indices (FMPI) [1].

Unlike classical filtering based on standardized residual distances, our approach treats outlier identifica-
tion as a compliance problem of the error distribution within the approximation manifold. The impact of
systematically eliminating specific isomers is critically evaluated through non-parametric tests based on
the empirical distribution function of residuals [2]: Anderson-Darling (AD), Kolmogorov-Smirnov (KS),
Cramér-von Mises (CM), Kuiper (KV), and Watson U? (WU). The underlying error dynamics are moni-
tored computationally via structural tracking indicators (G0, G1, H1, WS, and SF).

Numerical precision and convergence difficulties in standard environments (Python) were resolved by de-
veloping a native computing engine in PHP, optimized for fit integrals on finite samples. The concerted
use of AD and KV statistics successfully isolated isomers defying the linear approximation. For the TSE
property, the most distant outlier exhibits C'y symmetry, followed by specific structures belonging to the
Ds, Cs, D3, S4, and T symmetry groups. The methodology provides an objective selection criterion aligned
with numerical approximation theory, overcoming the limitations of subjective data trimming in structural
modeling [3].

Keywords: Approximation theory, residual analysis, C44 fullerenes, non-parametric tests, fragmental
matrix property indices (FMPI), PHP.
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Abstract

We derive some Fourier transforms of confluent hypergeometric functions. We give generalizations of several
well-known results involving Fourier transforms of gamma functions. In particular, the generalizations
include several of Ramanujan’s remarkable formulas.

Our first result is the following theorem:
Theorem. For a,a, z € C, with ®(b) > 0 and R(c) > 0,

/*"" Db+ it)

0T By (a,cianb it 2) et dt
T(b+ctit)? 2(a,Gabtetitiz)e

—o0
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Abstract

The main purpose of the current paper is to use Taylor series expansion approach for analyzing and
optimization of the GI/M/1/N queue with multiple working vacations, with an emphasis on perturbation
analysis. We then considered a non-parametric sensitivity analysis to investigate the numerical evaluation
of stationary characteristics of the same queue in the case where we suppose that the working vacation rate
is not assessed in perfect manner, i.e. it is subject to propagate uncertainty. Furthermore, an approximative
values of the expectation and variance of some stationary characteristics have been also obtained. This
approach has the advantage of being transform-free as it avoids the use of Laplace transforms and/or
numerical inversion techniques, which are predominantly used in the literature. Several numerical examples
are also presented for illustrative purposes.

Keywords: Multiple working vacations, Taylor series expansion, numerical approximation, optimization,
parametric uncertainty.
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Abstract

In the present paper, we introduce the Chlodowsky modification of a new Bernstein-like operators which
is recently defined in [6]. We examine the approximation properties dealing with the rate of convergence
in terms of modulus of continuity and Peetre-K functional. Under the conditions of differentiability of a
given function f or belonging to Lipschitz class, we obtain upper bounds for ||Ly,a.5(f) — f|lc[—a,(1+a)br—a]-

Keywords: Positive linear operators, Bernstein-Chlodowsky operators, modulus of continuity, Lipschitz
space, Peetre K-functional.
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